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Lecture 1

Part A

Measuring Running Time via Experiments
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Lecture 1

Part B

Counting Primitive Operations



Primitive Operation ( taking constant time)
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Example 1: Counting Number of Primitive Operations

Q. # of times i < n in Line 3 is executed?

Q. # of times loop body (Lines 4 to 6) is executed?
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Example 2: Counting Number of Primitive Operations

Q. # of times Line 3 is executed?

Q. # of times loop body (Lines 4 to 8) is executed?

Q. # of POs in the loop body (Lines 4 to 8)?
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Lecture 1

Part C

Asymptotic Upper Bound
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Asymptotic Upper Bound: Big-O

Example:
f(n) = 8n + 5
g(n) = n

Prove:
f(n) is O( g(n) )
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Asymptotic Upper Bound: Example

g(n) = n

f(n) = 8n + 59 * g(n) = 9n
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Proving f(n) is O( g(n) )
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O( g(n) ): A Set of Functions

Each member f(n) in O( g(n) ) is such that:
     Higest Power of f(n) <= Highest Power of g(n)
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Lecture 1

Part D

Asymptotic Upper Bounds 
of Math Functions



Asymptotic Upper Bounds: Example (1)
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Asymptotic Upper Bounds: Example (2)
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Asymptotic Upper Bounds: Example (3)
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Asymptotic Upper Bounds: Example (4)
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Asymptotic Upper Bounds: Example (5)
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Part E

Asymptotic Upper Bounds
of Implemented Algorithms
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Determining the Asymptotic Upper Bound (1)
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Determining the Asymptotic Upper Bound (2)
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Determining the Asymptotic Upper Bound (3)
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Determining the Asymptotic Upper Bound (4)
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Determining the Asymptotic Upper Bound (5)
How many # 'S in [Asb] = b-a -11 outer- loop
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Lecture 2

Part A

Asymptotic Upper Bounds 
of Array Operations



Inserting into an Array

Example: 
     insertAt({alan, mark, tom}, 3, jim, 1)
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Lecture 2

Part B

Asymptotic Upper Bounds
Selection Sort vs. Insertion Sort



Sorting Orders of Arrays

non-descending
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Selection Sort

0 1 2 3

0 1 2 3

Keep selecting minimum from the unsorted portion 
and appending it to the end of sorted portion.
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Insertion Sort

0 1 2 3

0 1 2 3

Keep getting 1st element from the unsorted portion 
and inserting it to the sorted portion.
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Selection Sort in Java

0 1 2 3a

i inner loop: j from ? to ? midIndex at L6 after L6 - L8, a becomes?

Outer Loop:
At the end of each iteration 
of the for-loop, 
a is sorted from a[0] to a[i].

Inner Loop: select the next min from a[i] to a[n - 1] 
and put it to the end of the sorted region.
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Insertion Sort in Java

i current after L3 j at L8 after L8, a becomes?

0 1 2 3a

Outer Loop:
At the end of each iteration 
of the for-loop, 
a is sorted from a[0] to a[i].

Inner Loop: find out where to insert current into 
a[0] to a[i] s.t. that part of a becomes sorted.
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In-Place sorting
↳ Sort by modifying directly

the input array
( without intermediate storage)



Lecture 2

Part C

Singly-Linked Lists -
Intuitive Introduction



Singly-Linked Lists (SLL): Visual Introduction

- A chain of connected nodes
- Each node contains: 
    + reference to a data object
    + reference to the next node
- Accessing a node in a list:
    + Relative positioning: O(n)
    + Absolute indexing: O(1)
- The chain may grow or shrink dynamically.
- Head vs. Tail
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Lecture 2

Part D

Singly-Linked Lists -
Java Implementation: String Lists
Initializing a List



Runtime

Implementing SLL in Java: SinglyLinkedList vs. Node
✓ Reference Aliasing

list
. head

→
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SLL: Constructing a Chain of Nodes

Approach 1

Ref
. Aliasing
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SLL: Constructing a Chain of Nodes

Approach 2
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Approach 1

SLL: Setting a List’s Head to a Chain of Nodes head
null
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Approach 2

SLL: Setting a List’s Head to a Chain of Nodes

list→
SLL

head →
null

dad "Toni÷ÉÉ¥!¥*"¥:]
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Lecture 2

Part E

Singly-Linked Lists -
Java Implementation: String Lists
Operations on a List



Trace: list.getSize()
current  current != null  End of Iteration size

SLL Operation: Counting the Number of Nodes
E-
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Trace: list.getTail()
current  current != null  End of Iteration tail

SLL Operation: Finding the Tail of the List

tail#¥ *4¥91 a¥Ya:| -*current
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SLL Operation: Inserting to the Front of the List[
Exercise : Use debugger to trace .
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Lecture 2

Part E (continued)

Singly-Linked Lists -
Java Implementation: String Lists
Operations on a List



Trace: list.getNodeAt(2)
current   index  index < 2  Start of Iteration

SLL Operation: Accessing the Middle of the List
Exercises on Non-Empty list : list .ge#deA-K-Dvs.kst.getNodeAtG)
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→ > x2 2x 3×20 04)
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Idea of Inserting a Node at index i

Case: addAt(i, e), where i > 0

D The newNode 's
next is set to E- 1) th
node's next . newNode

.

working
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"
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"
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.

YES !



SLL Operation: Inserting to the Middle of the List
size :# 4 nodeBefore
size :# 5×6
1 #odette 3 4 [
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SLL Operation: Removing the End of the List

size :* #¥0E-%Eand-tas-wodeseaudastdode-v.it#tElZ*-a-l
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I. + ☒ x Lx
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Exercises: insertAfter vs. insertBefore

Case: insertAfter(Node n, String e)

Case: insertBefore(Node n, String e)

. preference node 04)

n
+ addlast

. . .-

&
.

-

÷
"

→

ON

¥¥iÉÉ n " removed

⇐Its ,
→ . . .
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Lecture 2

Part F

Singly-Linked Lists -
Comparing Arrays and Singly-Linked Lists



Running Time: Arrays vs. Singly-Linked Lists

0 1 2
a “Alan” “Mark” “Tom”

noprestemg

→n"ÉdYgeabdeA
= treating . I

need to call

getdodet.ae/despaietrtiue: y
'¥"¥:{ tail 2dlastr.de ✗cboetkne%fE.at)



Lecture 2

Part G

Singly-Linked Lists -
Implementing Generic Lists in Java



Non-Generic Classes: Node vs. SinglyLinkedList

Node n1 = new Node(“Alan”, null);
Node n2 = new Node(“Mark”, n1);
Node n3 = new Node(23, null);
SLL list = new SLL();
list.setHead(n2);
list.addAt(0, “Tom”);
list.addAt(1, 23);
Node n4 = list.getNodeAt(1);
String e = n4.getElement();

→ as an implemented , you must commit to a type for node elements

everything
else is

f tied to this firing type
accordingly.

I7 ✗

↳ inconsistent
with the

committed firing✓ ✗

type .
n¥ compatible



Node<String> n1 = new Node<>(“Alan”, null);
Node<String> n2 = new Node<>(“Mark”, n1);
Node<Integer> n3 = new Node<>(23, null);
Node<Integer> n4 = new Node<>(46, n3);
Node<Integer> n5 = new Node<>(“Tom”, null);
Node<Integer> n6 = new Node<>(46, n2);
 
SLL<String> list1 = new SLL<>();
list1.setHead(n2);
list1.addAt(0, “Tom”);
Node<String> n7 = list1.getNodeAt(1);
String e1 = n7.getElement();

SLL<Integer> list2 = new SLL<>();
list2.setHead(n4);
list2.addAt(0, 68);
Node<Integer> n8 = list2.getNodeAt(1);
Integer e2 = n8.getElement();

Generic Classes: Node and SinglyLinkedListµ
as an implementer, we leave the choice of element type to

whoever uses theses

☒
declaration of a generic paan . ✓ ✓

classes for declarations.
f)

_a-

.

⇒ -

-

- ✗
- -

ox

④ list fx
It expecting

✓¥
List ✓

☐ ✓

✓
Node< Integer>

→→ begetting
SI

-

5T
Node

→→ 5É
doing>

Node<I > III.setlteadcnh-i-y-q.tn
,

+
generic type parameterexpecting
#

Nodeit>
but getting Nodes>



List Constructions

Non-Generic ListGeneric List

o ⇒

Node<String> akn-ieddef-EGE.is
nee Nodes >C. . . ) ;



List Methods Non-Generic List
Generic List

SLKString>Sllcperson>
class suits>p{

%

:

3
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Part H

Doubly-Linked Lists -
Intuitive Introduction



Doubly-Linked Lists (DLL): Visual Introduction
- A chain of bi-directionally connected nodes
- Each node contains: 
    + reference to a data object
    + reference to the next node
    + reference to the previous node
- A DLL is also a SLL: 

+ many methods implemented the same way
    + some method implemented more efficiently
- Accessing a node in a list:
    + Relative positioning: O(n)
    + Absolute indexing: O(1)
- The chain may grow or shrink dynamically.
- Dedicated Header vs. Trailer Nodes 
  (no head refeference and no tail reference)

next prevheader 1st null
trailer null last

☒ 1st last header

data
Nodeit>

next →

rpµ
t.pro. ref✓

THE vice versa 2. headers. Get : Empty DLL
L

"'•
header size :O .

trailer
' inert ↳ tbdeit> Node

ref. "
✓

.

↳ removelast data →null data →"""
next > next → null

↳ 2nd last node : pay ,- peravailable
=

-water .pro - per
"""

04 ) Case 2.Non-Empty list 2nd
last

size : 2.→ node
header trader

✓
! ✓ v1↳

It 1- 1- than
null null rated' Trak" m"
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Part I

Doubly-Linked Lists -
Java Implementation: Generic Lists
Initializing a List



Generic DLL in Java: DoublyLinkedList vs. Node

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

Spring
✓

✓

j
✓

-

✓
→

% i n trailer
'

f.
header

i. altitude
•

I
→ null

° "

→ null

→
! Do

>

→X> → nah

i
j: p ¥ ,

"

Full _④
.

-
header- getNext)== trailer
trailer

-getter ) header
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Part J

Doubly-Linked Lists -
Java Implementation: Generic Lists
Operations on a List



Generic DLL in Java: Inserting between Nodes

Node<E>
element
next

prev

Node<E>
element
next

prev

pred
succ

Node<E>
element
next

prev

e

Assumption: pred and succ are directly connected.

Node<E>
element
next

prev

✓ P -120 ③

I prev text

RT:O4)

9

. . .
. .-Isar

predator ✗
. ..

- --

^

>
✓
✗

^

I②
①
>
. ..

③neud.de



Generic DLL in Java: Inserting to the Front/End

Node<String>
element
next

prev

DLL<String>
size

header
trailer

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

pre.d since

pred sure

☒ 1×2

"¥ypved suck

pedf ✓✓Red islam ✓succ ✓✓
nndll .

and"

> →
"Mark"

>
nah t s

>

5
'null



Generic DLL in Java: Inserting to the Middle
Node<String>
element
next

prev

Notes. 
 + getNodeAt(-1) returns the header
 + getNodeAt(size) returns the trailer

DLL<String>
size

header
trailer

Node<String>
element
next

prev

Node<String>
element
next

prev

Node<String>
element
next

prev

☐

°

-
.

-

. 0-1

ExeE¥ñg .
-

✓ still dominates
the RT : Ocr)

0

→ sad

in
"

µ,

H% ;Ak^
"

> T.mu
T

5



Generic DLL in Java: Removing a Node

Node<E>
element
next

prev

Assumption: node exists in some DLL.
Node<E>

element
next

prev

Node<E>
element
next

prev

node

✓

-3 :

a RT: 04)②
② I
④

efficient solely
because

""

the ref
of the

node
to

remove
⇒

. . .-

✓ Red ✓ ✓
arc gear

.

. . . . . .

③
. . .

xD
→¥

. . . ndH④

1-
✗ ¥

②



Generic DLL in Java: Removing from the Front/End

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

-

→
✓

too)Enode

404)( ✓
✓_ ✓ ftp.edxjnodegysuaynod-g.se

Exercise
:

X Kunfairy
+ 1- ×

""

×
¥"

t
-

✗ null



Generic DLL in Java: Removing from the Middle

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Tom Alan Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Mark

dominates

[
RT :O
">

→ ①
→

✓ §Éast_
SLL removeAt:

ge-kbdetit-txe.is:1#&per&t-dipH. can
pad node I

-

-1 On ☒ µ s ☒[
⇐ $2

✗ ✗

1- X X



Lecture 2

Part K

Doubly-Linked Lists -
Comparing Arrays, SLL, and DLL



Running Time: Arrays vs. SLL vs. DLL

0 1 2
a “Alan” “Mark” “Tom”

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Tom

→ seeda-FEE-%dd.sk.

↳
move at

pass
node.

⇒dexi:

ÉI
HI

-



Lecture 3

Part A

Modularity, Abstract Data Types (ADTs) -
Definition & Terminology



Supplier vs. Client in OOP is"¥¥ " cover

→ client fulfilling
It→contractual effect obligation

given ckenttu-E.mg
relation

their obligations> supplier must fulfilltheir obligation.
pre-ftp.E?exeYfYapplierm*hd)v supplier method/service used in the cortex

of the client class.④ heat lobj?
> obkgatn.IE be fulfilled

.

Post- stay
→

supplier's

↳ posted:-(ton ( conditions
for supplier

(post- execution of to satisfy).ftp.%fEIIefdfiled supplier method) the supplier 's methodsetondition ( conditions for client to satisfy in order to use
•

in Java : except-015.



Modularity: Childhood Activities

↳ 4
"

architecture
at;¥'fixation (assembly>

↳ f- building
blocks

(ofamoduk
)



Modularity: Daily Constructions

☐☐



Modularity: Computer Architectures

☐☐



Modularity: System Developments fabiggq.dk

""i.MZ

b.
assembly

as a

composition
of

well- specified modules



Modularity: Software Design
In 00ps assemble classes via :
I. aggregations 7. compositions

3. inheritance

aggregation adf.tk! New
Module

→.⇒µaµµµddiagram .



Abstract Data Types (ADTs) client
(relies

on

> 1. arrays 2.sus 3.This the public
interface

of ADT )

E.ix.typesY☒w
,
.µpµtfP
"

expected
on
I0

relation .

> i. assembled correctly . 2. time efficiency g.
what
"



Java API ≈ Abstract Data Types
I

YNT is

subject
to

"
"⑨
"

""



Lecture 3

Part B

Stack ADT -
Last In First Out (LIFO)
Implementations in Java



Stack ADT: Illustration

new stack

push(5)

push(3)

push(1)

pop

pop

pop

isEmpty size top

-

tenÉf%nedñxe
→ stack

= F I E ⇒¥.
=

F 2

IF3 i-kpj.de/ema+
""
I f z → ftp.ekdstelemmt (0--1-0)

=

⇒a.
a. popped

.tt{
'

"I F I E- The
order "

"
"""

the stack
⑦
the

reverse of

how
these

Hens
weer

pushed .



Implementing the Stack ADT in Java: Architecture

f. polymorphism
2. dynamic binding

→ static type S2 :

pop:O,
unless

LL

fopera"É
-

candidate SI :
D ← all ops.

② it;¥Yp;¥ dV¥yÑ oa,



Implementing the Stack ADT using an Array
• - Arrays-iack<String>

\

↳ instantiates E- for Stack :

stacking >
041 (EU)Object[]_04)
041 ↳ what you have to

✗
limitation.fm/ed5itl write in Java .

OH

OH →
efficient
xp.

d- Stack

d⇒oy8"+É¥%¥%
top.



Implementing the Stack ADT using a SLL

Strategy 1

Strategy 2

proved to¥4bn;D .

←Oop

-

y top ✓

> "Jim
"

→

I§? oa,
← top
""

+

¥

top



Stack ADT: Testing Alternative Implementations
Stacks .> s -- nee Stacks >( );

✗↳ interface can't
be a DT .

static 1-

off .
✓ .

>

⑦ I
- Ef )dynaik-ypepf.IS

.

>
✓
' version HAS. >DT changes

A :
**

t.PT?LStvers-on-nL.ckssofS-ack?
ktheD-ofsadesbndan-H.tk→

As
ÉÉ2 999 siinstanaof Stack T T

→
→ .

→ data -1!£Éf '

s.i-nstan.ieofbray.tk T F

( as "Mark" sina.tnaofl-mkedfo.lk F T
> data →%,



Lecture 3

Part C

Stack ADT -
Algorithms using the Stack ADT



Algorithm using Stack: Reversing an Array
SI

y 5,1
'

generic parameter
54 is

at the method level

→
. = . reverie ( { "alan"

>

"

"

mark"})
string]

→ -

.

.

"

reverse ( { 23,463 )

① I 2
.

Tak m*k -4m handling {
.

:* ;¥i;"
" ""any

.

of strings
(using

a stack

of strings
) -{

#
Shandling an array of ints ( using a stack of ints )



Algorithm using Stack: Matching Delimiters
openings

openings

openings

openings

I

0 I 2 .

opening:( :[§. .

¥

closing :D .] }: ¥{
.

.
-

7. exit : foundError III >i=exp. length
¥

[ is
< → is closing

opening ¥
Ñe%É:{

→

-2=-0 → C

than 9
> closing n¥ matching opening

µ

" "

" " s t -
" " "

" " t '

y

N

' '

I
-

.

.

!¥tme
✓more opening
than dosing



Algorithm using Stack: Calculating Postfix Expressions

Sketch of Algorithm

Input 1: 3 4 5 * -
Input 2: 3 4 - 5 *
Input 3: 5 2 3 + * +
Input 4: 5 4 + 6

≡ 3 - (4 * 5)
≡ (3 - 4) * 5
≡ + 5 * (2 + 3)
≡ 5 + 4 6

5+4=20 6
zo

¥
(Tnsuffictent

-17 opera_h
i

-
.
' ' '

-

.

.

. §
(4*5)

.

3
.

- (4*5) ¥
µ

(3-4).
= (3-4)*5 # 4-

. . . -
- = 37 3-

**
. .
:-| 4*5=20 3-4=-1

¥ 2+3=5 -2.1-25 3-20=-17 -1*5=-50
5- 5*5=25

( insufficient operands)



Lecture 3

Part D

Queue ADT -
First In First Out (FIFO)
Implementations in Java



Queue ADT: Illustration

new queue

enqueue(5)

enqueue(3)

enqueue(1)

dequeue

dequeue

dequeue

isEmpty size first

font off . back off .

✓

Tna ¥5K
= F I 5

⇒
F 2 5

⇐ F 3 5
"' E f 2 3

> First- In First-Out CFIFO)
red .I f 1 I

vii.I T O na
.



Implementing the Queue ADT in Java: Architecture



Implementing the Queue ADT using an Array
L

shift r

0 I

. . .

rv 999

-

-

Fonti.
.

?" 047
of queue

04)

-
limitation

:

;

.

.at?%dex • resitting '
:

""

g. improve
"" flexible

>
.

- F0H
-we

need to
be

⇒
circular array .

"¥-1"¥d"In;;dsµ%;yµ%, µ,
where

the
""
"d"



Implementing the Queue ADT using a SLL

Strategy 1

Strategy 2

OH
,
-

to use Sl instead

② use DLL instead

n first of
queue .

I
+¥ que



Stack ADT: Testing Alternative Implementations
✓ .

I

dykÑ polymorphism
binding . -



Lecture 3

Part D

Queue ADT -
First In First Out (FIFO)
Implementations in Java
(continued)



Implementing the Queue ADT using a Circular Array

Phase 2: dequeue 2 times

Phase 3: enqueue 2 elements

Assume: A circular array of length 4.

Phase 0: Empty Queue q
0 1 2 3

Phase 1: enqueue 3 elements

data

0 1 2 3

data

0 1 2 3

data

0 1 2 3

data

site of queue us . size of array % modulo 1. fix -sized ( no resting>

2. flexible for performing
"deflate"

data-fj-null-s.fi -15

f--0 ,
K05 tom

77 7 7

f- ✓ Empty Queue? r==f site :3 -2=-1
[far-D= t f - r .i

3 ☒ 4-D-f- +1
site of •"⑨' size of (3-11)%4

• data-4] -_ items . . .# . . . # ..

= r- f 4 -4rad) G. ☐

.

: V+ -1.5
.

. I ri 'f data-rj-T-em.gr-1+3
f- f- (r-11)%N

> ,
¥.FI?efar#sbtstnFf%dex . . o.

.

.alan mark tom

yuna tom sugar-1,0 size :r> f- 7, ^ ^

f- Queue Full ?(v+D%Nr.
↳ r- f 1+(4-2) [0s"] [f. N -☐

t
- wherr points -63.

'

4- size : ✓< f- ¥-17 -0+1
r f w- 1)-4¥.is the only emptyslot . ↳ ✓+ (N-f) = v



Lecture 3

Part E

Implementing Stack and Queue -
Dynamic Arrays: 
Const. Increments vs. Doubling 



Amortized Analysis: Dynamic Array with Const. Increments

W.L.O.G, assume: n pushes 
and the last push triggers the last resizing routine.

Amortized/
Average RT:

initial array: I

1st resizing: I C

2nd resizing: I C C

3rd resizing: I C C C

Last resizing: I C C C CC

total RT1H-0PS.

fmd-Ai-h.seq.di-dzt-a.tk
work' = CG1-1AK).K I.
case : . 2

AM I -1C .

^
ON
"

I-12J
in:&"¥ñ.ie : n.cn

OH I1-0II-11C *I-14<-131

I -1111+0+(1+21) -1 . . . . -1h.
OH

* I -11k-D.C=n 1st 2nd 3rd Kth

E- riff , #ofresizing
=(I -1M)µ- + 1)

steps = N4H-1ZC.I- IS
2C

Off, OC1Y-0CD
total RT



Deriving the Sum of a Geometric Sequence

Initial Term: I
Common Factor: r
Number of Terms: k

I. r°

5k __ I. + I.ir + I. r
>
+ I - v4 . . ;tIr

"

1st
"
"
: 2nd

"
"

: 3rd
"
: 4th

"Ikki!
:

vii. -r
'

:
,

v -r ; -r

r . Sk= I.✓ + If I. v4 . . . + I. r" I. rk

(r-D.SK = I. rk - I = I. ( rk - 1) ⇒ 51<=-1--4×-1)
f- I



Amortized Analysis: Dynamic Array with Doubling

W.L.O.G, assume: n pushes 
and the last push triggers the last resizing routine.

Amortized/
Average RT:

initial array: 

1st resizing: 

2nd resizing: 

Last resizing: 

I

I I

I I I I

I I I I I I I I

Arg: totalRT1# op. 11=2×-1 ⇒ ✗=hgI 23--8=>3 -_bg8
E- It? it. it

s.ms;¥£:&! I

2.I

resit:& B- zbgX=✗
zbgs=zs=g

" t.TT?-
2°. I

am Total RT= -1+11+2?I+ . . . _ÉÉ¥
Kth

2k
,=¥§%G¥

¥-5 1st 2nd 3rd

°" * 2k!I=nk=bg¥+ ,
=
I. (291+-1-1)
2- I

= -1-(1.2-1)=2.1-1
Ofi)

01%5=-04)



pushlenqueue Exercise AwÑnr
> implemented by ?

constituencies doubting
worst-case RT Ocr) Ocr)

amortkedkvg.TN any oath to that

doubting the size
each time makes it substantially

less frequent to resize



Lecture 4

Part B

Examples on Recursion
Binary Search



Binary Search: Ideas

Precondition: Array sorted in non-descending order

a

a.len
gth 

- 1

(a.len
gth 

- 1)/
2

0

Search: Does key k exist in array a?

IN Oxford
dictionary

a 1-

→"' "
⇐ §site of search space :

to keep accessing the middle of the
search space ( halved each time) ¥✗times

&

¥"?¥f%ww the s.p.to size I ② Rear on the left : Kim .

-
Rear on the right: K>m



Binary Search in Java

sorted
from middle to

> input arraysorted

> call by value →Éne the

range of indices
- of the search space .

✓ . .

7¥:*rewrite spaces
last represent

as-uattfsrf%Fe-ws.ve .↳key middleValue

. m. -1 . m.tl



search(a,18)

binarySearchH(a,0,8,18)

binarySearchH(a,5,8,18)

binarySearchH(a,5,5,18)

search(a,7)

binarySearchH(a,0,8,7)

binarySearchH(a,0,3,7)

binarySearchH(a,2,3,7)

binarySearchH(a,2,1,7)

Binary Search: Tracing

0 1 2 3 4 65 7 8
272421181512963a

0 1 2 3 4 65 7 8
272421181512963a

→

B.
.

.
In

space
^

=

y search space
of 1st /

""
"

"
""
"" """" ""

space ftp.i-aiati-E
*
2nd > I

read
"" =D

1 pm;% .

I
Do

<

✓ m.
-15%1=1

I
+ mi .aÑ¥ I
DO

↳ true T.im.
-1



Running Time: Ideas

to from

from
, to

from from
 + 1

to

Base Case: 
Empty Array

Base Case: 
Array of Size 1

Recursive Case: 
Array of size > 1

T(0) = 1

T(1) = 1

T(n) = T(n - 1) + 1

Recurrence Relation

.
04)

og, psubp%ff.ee#
04)

3
4

t.fi#=-4hsnumbers
33
,

=÷%Ihs_ number

si%→%¥ •

⇐ÉÉyTmÉ problem



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = T(n - 1) + 1

→ recurrence
relation
derived from Java imp. of recursive algorithm .

±
In)=T(n +1 Ten -D

= That- D- 1) -1-1+1
" In )=(n - 1) + I

= A
-

nI== Ten -27 Ocr)
= 1-(4-2) - 1)+1+1+1

= .
..nl#.n-EHowma--Y?-zT(1) +1+1 . - . - +1 (n-1 )



Binary Search: Running Time
Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

sorted
from middle to

→ . 0

→ OC1

¥7 = I

→ T(%) + I

→

✓ wrong : ✗
"%'¥?¥.

→ ⇒⇒⇒
L R



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = T(n/2) + 1

once read"G Ten)=T(E) + I
TC1>IEEEddiij.fi?(T(E)- 1) + I
TH47

Assume :n=Étr✗ÉÉ (71%+1)-1.1-1.1
1T£)↳ without loss of

generality .
¥= (71%1+1) -11+1+1
ÉI : Ocbgn)zbg8=23--8̂

= -1 ,
= T(1) +1+1 . . - + I

Ztbyn
How many ?bgn



Lecture 5a

Part A

General Trees
Terminology, Applications



Linear vs. Non-Linear Structures

0 1 2
a “Alan” “Mark” “Tom”

Node<E>
element
next

prev

Node<E>
element
next

prev

Node<E>
element
next

prev

null
header

null

Alan Mark Node<E>
element
next

prev

null

null
trailer

Node<E>
element
next

prev

Tom

knew
,?¥b;¥hÉ%•sxg)

sua .

-

HH! 20

T.ntnearjf.mg#Iave> ObjectHIM """ ↳
( levels >

° °

HH1 1HH HH1 1HH 22 ↳
Person Furniture

leg.
inheritance)""" HH HH µ, ↳

hierarch"d
9
Istndat



- root
- parent
- children
- ancestors
- descendants
- siblings

General Trees: Terminology (1)
> descendants of root covers the entire

- YÉgk > "
"G" tree

.

+
news

wfhjf.EHY.mn ,
# Mikkel

:

# children
:

(e¥al nodesleaf ) parentssingles unique .

siblings parentchild child
ancestors of shirley :child
Shirley , elsa , chris

david
Elsa is parent of Vanessa ⇒ Chris is descendants of elsa :
this is parent of Elsa - parent of

✗ elsa, shirley , Vanessa,
vanessa

peter



- subtree

General Trees: Terminology (2) ¥
":b-arrays .

stiff;fd¥"

stiffed How many subtree?
ath" ↳ count # rode

8

subtree rooted
at vanessa



- external nodes
- internal nodes

General Trees: Terminology (3)

*
vEl necessarily
at the bottom level

.



- edge
- path
- depth
- height

General Trees: Terminology (4)
d-oh.is

→
""9¥ "}¥&atTaud .

edge
?
""

ancestor path
of vanessa

→# edges
d-- I d=| from root

'

d=oh=2
umax depth

→ di-2-d.pt
.

→ d--2 among
nodes

d--1
✓

D=!
depthsw.r.td-ff.net

• d=3d=2 . d--31=2 . d=3
* heights of td=Ofh=O→ height of

d=2

¥µµeto not subtree rooted at
subtree rooted at
external nodes are 0 . the

sub"%a""
" external node vanessa



General Trees: Recursive Definition

- root
- size

Case 2

not→
"alan"

size =L

Case ? Empty Tree
roof- nail

↳ 3 (Recursive case)⇐zyn
parentroot→

site --0
• { 1121 . . .

child ↳ ↳ recursively > a treesubtree
←

• ☐•&⑦ ( easels > a. 3)noted

uol.ch?FiraE#sub-weewotedatroot.ch-ddra-is



General Trees: Ordered vs. Unordered Trees

✓order of
child nodesmatters

Eder of
child nodded n¥ matter



Lecture 5a

Part B

General Trees
Implementing a Generic Tree in Java



Generic, General Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.

✗

¥:*element
/

children

classlast noµException
✓

this
-

children __(IeeNodeit5D ↳ he

newobject-HAX-siif-reedode.fi
,parent+ Treeibdeit> elements

children 7



Tracing: Constructing a Tree

I -

agnarr→ >
" Agnar

"

aliasing . >

° '

spot
. .

.
19'agµµµidoÉ,i÷

.

, 7.*.¥:.?⃝
eIa→ .

J °

,
I

1 . . . I



Tracing: Computing a Node’s Depth

depth(vanessa)

depth tranessa .
getParents)
I

n Ts the root

ftp.nfoiesparent I

7-

strictly smaller subproblem parent!=
hill/

= 7- + depth ( dsa)

f = It 7- + depth (Chris)
Trace :

depth"
"" = I + It 7- + depth(dared)

-
- -

e
= 3



Tracing: Computing a Tree’s Height

height(chris)

his external deaf) I I

→ ↳ strictly small
1
I

7-

problem : heightof a child
node .

=I+Hg×( height(ebay ,
heightcanna)0 0

É!=?+H¥f±+U¥F¥:))h#°30 .

= 2



Lecture 5a

Part C

Binary Trees
Definition, Terminology, Properties



Binary Trees: Recursive Definition

- root
- size

Case 2 : one- node BT
57=1

roof→ ?

Case 1 : Empty BT algorithm on a BT should be recursive

given that a BT 's structure is recursive.
517=0

$ not→ null Cases : size of BT > I
not→

the roots → the
root

d- Eight-subtreeftp.E?it%51RsT



BT Terminology: LST vs. RST

Strategy of Recursion on BT:
+ Do something on root
+ Recur on LST
+ Recur on RST

e.g., 
+ counting size
+ searching item

A.li I:# child
left
Ñd

R51

2ST

size (A)=/ + size(A. ID
sized-17=1

+ size (A. re)Ie¥
.

node By withoutcn%fE.IE?ef.arf7.satisfyiYYfearchsearchCAs-item)-- A. equalsitems 11search(A.Kaiten> 11property
"

search (t.FI#fj-aIsEte%earch(A.rcs-tem)



BT Terminology: Depths, Levels, Max # of Nodes 
Max # of nodes in a tree

with height h :
level ?£ Max#Nodesatlerel ?

①+21+2? .it?-dep+n 1=2?

rh u
=L:( É÷! I 1*2--2=2

'

✓
✓ ✓ -

= 2h-11-1
2 2*2=4--2?

✓ ✓ ✓ ✓
tu ✓ ✓

¥ 4*2=8--23
✗ twitter.tt/vttt

:
- ' ,

. . . . .

" '

h 2h



BT Terminology: Complete vs. Full BTs

h - 2

h = 3 h = 3

h - 1
h h

Min # nodes?
Max # nodes?

Min # nodes?
Max # nodes?

d--0 d=O

akhil d- the d-- I

d--2h-1 d- 2¥
d--3h D=} h

t
000 - . . 0 h-12h" 00 . . .

- O
-
i - i . - -0 2h 0^066 66 h 2h
CH2-1LI . . . -12%+1=2

"

20+24 . . . -12h -_ 2h"-1,4+2+4 . . . -12^-9.1-24=(2^-1)+1
=zh+ '- I



BT Properties: Bounding # of Nodes

For example, say h = 3

Minimum # of nodes Maximum # of nodes

70

242't . . - +24=2%-1

? n

wot h 00 . . O
-

one-fifth to o/\o 2h11
free to ih 1%0=23+1-1

edges°

( htlnodes) 0^0%00^0=15



BT Properties: Bounding Height of Tree

For example, say n = 7

Minimum height Maximum height

÷
( branch out two ways whenever possible)(don't waste any nodes
% 2h-1 , 1h v § branching two ways )
00h-2

-

h= p P
N A =

00001kgEHID -1 A- 2h
"-1µm nil
to

n- I

n+I=zh" h=b
§ edges= £ Agent)=htl



For example, say h = 3

BT Properties: Bounding # of External Nodes

Minimum # of 
External Nodes

Maximum # of 
External Nodes

70

HE

✓
-

root -

one.pk
to 8D ?

h
tree to ih No , =

to
1

edges €¥¥¥ 2h00 . - o
-

V4 ¥4, ( 4+1 nodes
)

8=23 ↳ zhext. nodes



For example, say h = 3

BT Properties: Bounding # of Internal Nodes

Minimum # of 
Internal Nodes

Maximum # of 
Internal Nodes

70

HI

20+21+2? - . . -12h-1

=L-1
internal nodes
for Koh -1

IN' wot NK •
-

one,path 4 lhtD-tg.com?IYendob .

tree to "Ys=h h So ! h

if
" H " edges

=
"

53%3%1*55 .

:3
-

h ( h¥ nodes
)



Lecture 5a

Part C

Binary Trees
Definition, Terminology, Properties
(continued)



BT Properties: Relating #s of Ext. and Int. Nodes
Induction on Size of Proper BT
* HE

'

= ME + I
= { End. hypoth.}
HI +1) 1- I

= HE + I ☐•

Base Case : A proper BT with size I

00 no internal node
⇒
"

proper
"

property is satisfied
( without violation witness)

↳ ↳ n±=5Ai=b Inductive > Recursive Case
At --6

NÉE Inductive
Hypothesis

: →Proper BT with see > I
*
AN
" A-

HE
'
= HE -1+2 = ME +1At

•P↳NÉ=NI- I *



Lecture 5a

Part D

Binary Trees
Applications



Source: https://resources.sei.cmu.edu/asset_files/whitepaper/2009_019_001_29066.pdf

Applications of General Trees: Assurance Cases
Research on “Assurance Cases” if interested!



Applications of Binary Trees: Infix Notation

Q. Is the binary tree necessarily proper?

binary op : . . . - . . .

-3+4

I'☒
¥1:t☒



Lecture 5a

Part E

Tree Traversals
Pre-Order, In-Order, Post-Order



General Tree Traversals: Pre-Order vs. Post-Order

Pre-Order Traversal 
from the Root

Post-Order Traversal 
from the Root

✓

✓ ✓ ✓

✓ .

'

.
.

- .
-
.

✓ ✓
✓

• Parent
, pre-order ( child nodes) post- order( child nodes) > Parent

David Ernesto Chris
Elsa SHIV""" PeterAnna Ernestoshift""" Peter Elsa Anna chris Daud



Binary Tree Traversals
Pre-Order Traversal

Post-Order Traversal

In-Order Traversal

-

-1*+313+-952 -1×-3-746

☐

☐
o o

In-Order ( LST) Parent In-Order(RST)

3+1*319-5 -12 -3×-7-4+6

o o

31 -13×-95-2-11374 - * 6-1 -



Lecture 5b

Part A

Binary Search Tree -
Definition and Property



- external node
- internal node
+ LST
+ RST

Binary Search Trees: Recursive Definition
>

search
key

giraffe Zelena
'

⇒
Treed.de
guide

IX. ✗ c- 0=>17×7 *
Node

can't find↳\
a violation +

of search prop.
External node satisfies

- search property.it/SLsTorRSTan-a-nsno=--nodes)



- BST: Non-Linear Structure
- In-Order Traversal

Binary Search Trees: Sorting Property

in-order of RST
81721 282932 445465 7680828893 97

a-order on L51
2ST RST



Lecture 5b

Part B

Binary Search Trees -
Implementing a Generic BST in Java
Tree Construction and Traversal



Generic, Binary Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.

n parent>

• key ?
walk

✓
left jight branch

⇒ non-linear
next

+por s

no branching
✓ element

⇒ linear



Generic, Binary Tree Nodes - Traversal
external node

☐zn
→otherwise> not.TK/ternaIasae!edto

⇒ return n¥
↳ µ,

not
↳ A-order tea

.

of some returns null
=

,

accumulate the returned result from L51 3SI trot

left right
• ↳

accumulate the returned result from RST

- Exercises : change -6
"

BSTNodei.it] 3. pre-order
z.SU/Jodeit> 4. post- order



Tracing: Constructing and Traversing a BST
parent
key value
left right

parent
key value
left right

parent
key value
left right

full
>

2g . i "dan"
internal

= = nodes
"%
'

# IR1
"

21 7
"

35

)
*wi ¥" ¥

"

""

nod"
"toni

ÉÉ
-

→☒ ☐% ☒ ☒
extN1 7 I

= extxkex.ws ¥N4
alternativelyaliasing

0h28 ==① (28> "alan
"
)

ridge-141+0.ge/-Parento
⑦ nzf.gl#LefuYlimark

" 135>
"Tom's↳

sorting properties on keys . ⇒ nzf.getlef-D.ge-R-ghth.ge-Parenti)



Lecture 5b

Part C

Binary Search Trees -
Implementing a Generic BST in Java
Searching



BST Operation: Searching a Key

Search key 65

Search key 68

✓ Assumption : BST
65

✓
"t

✓

""I"£a⇒!¥.org?:gdf*u%dea.hPTY
652

bt==
<68

6K

<68

key of each node
6k

in 251 of 44 6k

must be < 44 * Storing this
( assumed search properly) returned ext . node *

unsuccessful
*

with key bf maintains
search

the search property'⇒exÉd^°dfetwned



Tracing: Searching through a BST

(28, “alan”)

(21, “mark”) (35, “tom”)

N2F
j

Ek <33

N21I
, I

E if -

33L

<

exert
^

exttk
"

ex.ws
"

extra

Satan
at

nodes

✓

- i sua%¥n
✓ )

>

external nodes 7 Exercise
Y unsuccessfulsearch .



Running Time: Search on a BST correct: 0th) i

f if the BST
RT : an)"×"!÷↳ed

- external.de Olbgn> ✗
> ñtw%de ✓

IRT more

f- the BSTTSTII-balanced

%ff.GE?aif*-*---..---.---.caeliLRmarrg%Fe↳ ↳ Lorelai)

rift



Binary Search: Non-Linear vs. Linear Structures

8

17

21

28

29

32

44

54

65

76

80

82

88

93

97

8 17 21 28 29 32 44 54 65 76 80 82 88 93 97
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

playin
'

search searched
'

1m¥
>danced → ill- balanced
n±ñdis 0th • • Ocbgn)
bgK=E

" oh, • • IT
• • halfguarantees

recurring 0^1251 • •

the search spacereduces the search ✓ •

4351 space by Akif
""
"

• ,

"

;
•

, ,µµ,y
>
satedarraifha-H.nasqfff.FI?fasfar

"

half .aseaiff.cl#ts& ✗ recurring ☐night
•

"a- d-Evesaffpss-yseqdpy.is
honor
"dÉ5L



Lecture 5b

Part D

Binary Search Trees -
Implementing a Generic BST in Java
Insertion



Visualizing BST Operation: Insertion

Insert Entry (28, “suyeon”)

Insert Entry (68, “yuna”)

search"'T >data value

⇐ for search"& µ
e-

I height#wee

✗
>

kept;q;¥%És "
""
d ⇒É¥ !

wµhkeY& ③ ibsriifuna"
"tY%"g. settlement

)

☒ ☒



Lecture 5b

Part E

Binary Search Trees -
Implementing a Generic BST in Java
Deletion



Visualizing BST Operation: Deletion
Case 1: Delete Entry with Key 31

Case 2: Delete Entry with Key 80

Case 3: Delete Entry with Key 32

←p . =P < P
⇒ nothing to delete. ✓

✓ *
③

orphansubtree:

a.subtree

*P rooted at 817214293×244
. . .

- . -76*82 . . . µdÑ⇒ still a Bsy ,
antitank



Visualizing BST Operation: Deletion

Case 4.2: Delete Entry with Key 88

Case 4.1: Delete Entry with Key 17

In -Order Tvavasal
•r

↳ fg@ - . . ✓ . . .

" le-t-mostn.tn/ZsT
P
,

1ST • •RST right-most modern
☒ ✗

a

8D

[
20k¥ < P

L51 ☒ to
82

jgn.tn
"

Er

intend ☐
node

=

③
=

Cases
in 8*21 . . .

6576808-2-8*93. . . .
largest key that's smaller than@



Lecture 4

Part C

Examples on Recursion
Merge Sort



Merge Sort: Ideas

list

list.s
ize()

 - 1

list
.si
ze
()/
2

0 list
.si
ze
()/
2 -

 1

middle =
⇐¥

Sort
→→

✓

split

↳ R

✓
sort recursively

sort ( 4 sort( th

u
results in two sorted subtests

SL SR

Image two sorted subtests
sorted



Merge Sort in Java

merge

8524 6345
0

left

right 9617 5031

1 2 3

0 1 2 3

list

list.s
ize()

 - 1

list
.si
ze
()/
2

0 list
.si
ze
()/
2 -

 1

middle .EE

sort
,base cases

uspkt
4 R

✓
soil recursively

sort 4 soil R

i.
results in two sorted subtests

SL SR

Image two sorted subtests

sorted

- -

I v Precondition
☒ v

Land R sorted

1724314560638596



Merge Sort: Tracing
split
merge
→

→

"I 24 31 45 50 63 8596

✗ .

it 45 65 85 1731 >to 96
8524 63 45 17 31 96 to

✗ ^

it HE * 63
. I> ↳I ← -96

8524 6345 17 31 96 to
✗ ^ ^ ^

✓ ✓ ✓ ✓ ✓ ✓ ✓

85 24 63 45 if 31 96 to



Lecture 5c

Part A

Balanced Binary Search Tree -
Motivation and Property



Worst-Case RT: BST with Linear Height
Example 1: Inserted Entries with Decreasing Keys

<100, 75, 68, 60, 50, 1>

Example 2: Inserted Entries with Increasing Keys
<1, 50, 60, 68, 75, 100>

Example 3: Inserted Entries with In-Between Keys
<1, 100, 50, 75, 60, 68>

⑤
-

jeg
✓ ✓ ✓ ✓ ✓

④
④ h= n- I

0h)*✓ ✓ ✓ ✓ ✓ ✓ ✓

searing
*

-

-

worst-last

RT: Old
)

h-- n-I④
④
④

0in)

É
'

④-



- internal node
- height
- height balance

Balanced BST: Definition

Q. Is the above tree a balanced BST?
Q. Still a balanced BST after inserting 55?
Q. Still a balanced BST after inserting 63?

did 00×5
.

•

.

d:L
. .

d.,
COX .4. .

d "
d :O

. . d:O . -

d:|
.

•

✗
dd:¥④×?

-

di,¥¥Yf
"

• ☐ •
☐

d 0 . .
+2.

d:O d :O o od;☐d:O
° ° °

° ① " ¥ ? 0
.

0 000 0 %zjd:|
-

o .
☒Id:O

☐ ☐
88'd:O

pad 11

ancestor path of 55 : 55,51>48,5-6,44 0
.

? ??d :O
unbalanced after insertion .

'¥ .

s No .

YES,



Restoring Balance via Rotations

Q. Is the above tree balanced?
Q. After a right-rotation on node b, is the resulting tree still a BST?

not
✓ unbalanced '

b h-12
did

.

✓

'

"
"

Rotate
>
hill . ah? 'd :O

. . d :O

% "

middle nodeb
to the right dish

h
-

h h d:O
'

'

game I Tz Ts Tu

D balanced ?✓ After Rotation
>
In- Order:

Before Rotation > In -Order Traversal :
② same content? ✓<If ,Tz > bits > ask,>LTI.IT?bsT5sdsT4 > ③ 1351 ?✓



Lecture 5c

Part B

Balanced Binary Search Tree -
Trinode Restructuring after Insertion



Trinode Restructuring after Insertion: Left Rotation
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 95>
- Insert 100 into the BST.

✓ ✓ ✓ ✓ ✓ ✓ ✓

✓

pa+hi¢*5
left rotate⑥

(b) ancestor on
>b / I(d) i¢4 a c A

/ \
.

I \ .

217 ' 783 2- it 78*4 4-4*4
'

II 11 .

' insert 1005,1 / µ
.

.

>
1st ;£É÷¥ÉT4 ,

.

,unbalanced
>
zit 78*3

☐ ☒
1325618.82×3

☐ ☒ 132501882 1111 lb d:2 left rotation on / I 1lb
'

' '
☒ ☒ fetishes 'qj1 ☒ ☒ 1111139511 ? middle node b ☐

13'2t0- 952
°
. 0.000/1

.

°
. 0.00.0. /\

' 11/1
' '

'

☐a☐k
" Baio? - o

.

☐§☐%IÑiµoi
0 0 T2-0IK /I

☒ ☒ T4G
>bscsknt -6k130 0

0.173.018.13-0190
Balanced ? ✓ Balanced? ✗

'

⇒ < rotation needed TT2B -14

on b Balanced ?✓



Trinode Restructuring after Insertion: Right Rotation
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 48>
- Insert 46 into the BST.

(b) ancestor
path :c rotate

>(G) 444 11 " b to R
&

Baknted? 44*5/ I ✗ \
' I 9,

172 783 I T2 13 T4

y , 1 ,
insert 46

>
172 78*4

(C) 444
It all / \

Balanced ?
o☒. 321502881 o☒. 32150%881 rotate the > 172 783 ✓

A middle node / I blz!o☒^☒;☒¥☒ o☒^☒¥¥¥%☒g both o☒ 32148881
1)
000

c ^ A
☒ ☒ 14ft did °☒☒€ia☒☒
0 0

1) 0,3
G.b. C slant -6L 465010

Balanced ?✓ ☐ ☒ ☒ o ⇒ Rotation 0¥ '☒°☒i☒°
IT T2 IT Tz Ts -14



Trinode Restructuring after Insertion: R-L Rotations
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 82, 95>
- Insert 85 into the BST.

-

C
(b) ancestor path

Fb
(a) I 11 R-L

>
/\

444 44*5 ③T4 rotations a
/ \ / \ a one 11

%
172 783

172 783×4 Tz Ts Te T2 Ts Ft

" "
☐ as 321501882

"at
> / \ T' / \b (f) 44¢

11/1 11
85 017k 321501882×3 / no Balanced ?

A /ICH d:2 R-2
,

172. 8213 .

o☐m☐%¥1821951 017417413138211451 rotations tie a b ✓
/\ ° ° °

/\ /\ \
'782 . 882 .

☒ 13¥14 ☒ gÉ☒☒ all o☒☒+
° ° ° °

Tz
0
. 110 0 -14

☐

SO1 8TI . 951 -

Balanced ? ✓ Este ¥1, ¥sÉf☐z¥☐%
0 013 00



Trinode Restructuring after Insertion: L-R Rotations
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 48, 62>
- Insert 54 into the BST. Exercise



Trinode Restructuring after Insertion: L-R Rotations
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 48, 62>
- Insert 54 into the BST.

Solution

✗
(A) 444

(b) The -14 ER
C44*%est¥th?⃝ rotations b

217 783 214 ay¥ Tz -1,

" l l'
°

IT ET3 T4

% 3215oz gg1
insert °

(C) 44
"

% # 48-621%0%0
" " "

" %É%±d">
L-R

y, 623
% "iÉbÉi%°

0%0%40%0 0%0%5111%0 T4¥%
" ' % sitting

1627 % "i%É4☒sÉ BALANCED?I 0% go
13

°^C

BALANCED?V ✓BALANCED?× -12
°☒¥É☒iÉ☒i



Lecture 5c

Part C

Balanced Binary Search Tree -
Trinode Restructuring after Deletion



Trinode Restructuring after Deletion: Single Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 62, 32, 50, 78, 48, 54, 88>

- Delete 32 from the BST. Exercise



Trinode Restructuring after Deletion: Single Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 62, 32, 50, 78, 48, 54, 88>

- Delete 32 from the BST.
Solutiona ancestor④ 444 d.2 444 pathnidheigk.tt#esameoifb-Y=ih%FaneiIpz4

a/ I
217 623 delete 1*17 62 '

'

left €4 782

°☒!tE totes no,☒"☒°¥YÉ rotation I
°^b 77 ¥ÉÉ¥

'' ' '

0¥.to?I-fkttHs&-ttiifkttHsE.H*x&s-ci- ' ☒
0 0

0110610%40 T, ¥☒☒ T4¥, '☒"☒"☒°☒É☒° % ☒ ☒☒☒ ☒ ☒
• ooo

T4 T2

BALANCED? ✓ BALANCED? ✗ BALANCED? ✓



Trinode Restructuring after Deletion: Multiple Rotations

- Insert the following sequence of keys into an empty BST:
<50, 25, 10, 30, 5, 15, 27, 1, 75, 60, 80, 55>

- Delete 80 from the BST.

(a) 550 a (C) (d) b 4

550
"

÷÷"¥:-| T.in >*
"

¥45/+15 ¢ / Ja
425 602 rotationqft.org/ofg- delete It • A

A- Mb / I 1212> 3,0230260T¥
pp
,
3%2%55 751%-2 IÉ 30 be¥¥H☒¥É☒t¥☒%¥H☒iF¥☒° rotation

¥☒?¥☒°É☒¥tÉ "bio
)¥¥☒°¥☒É'☒ :{'☒ É☒¥i☒,s?111*0 !¥¥É☒☒° 1100011°if'☒i¥¥¥☒

" "

☒ ☒ iÉ☒¥☒
☒° balanced?✓ ☒° balanced ? ✗ ☒, balanced ? ✗

o☒☒"° ° °o° "

balanced ?✓



Lecture 4

Part C

Examples on Recursion
Merge Sort
(continued)



Merge Sort in Java

merge

8524 6345
0

left

right 9617 5031

1 2 3

0 1 2 3

list

list.s
ize()

 - 1

list
.si
ze
()/
2

0 list
.si
ze
()/
2 -

 1

middle .EE

sort
,base cases

split
↳ R

✓
soil recursively

sort 4 soil R

✓
results in two sorted subtests

SL SR

Image two sorted subtests

sorted

i i

I v Precondition "# iterations : mail.sizeclsk.s-i.eu)

☒ ✓
Land R sorted oa)

OC1)

(b) # iterations : remaining# of items -61724314560638596 loopoveñthelongertst.(a) + (b) =L.EU)+R-sized



Merge Sort: Tracing
split
merge
→

→

"I 24 31 45 50 63 85 96

✗ .

it 45 b£ 85 1731 >to 96
8524 63 45 17 31 96 to

✗ ^

it Lois ¥63
' Ii ↳I ← % 8 Rn)

8524 6345 17 31 96 to
✗ ^ ^

✓

A

✓ ✓ v ✓ ✓ ✓

85 24 63 45 if 31 46 so
&
°""



Merge Sort: Running Time
Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

✓

""±

⇒
✓

✓ on
✓ ¥É%¥

OH BT I

7- 2.1T£)

=
TC17-1IE)

Total RT : +n

Olbgnx#
=0(

n.hgdheigh.ba#;;gf 014+4 0th
=0L⇒



Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) = 1
T(n) = 2 · T(n/2) + n

7- = 1- = {g,
"8

298=8
=mm

In)= 2. 1-(1) + n
= 2- (2.17^-4)+1 > + n [ 4.TH43-1ZN ]

. 22

= ? .(3. t.THD-EI-E-i-n-8.TL#+3n]-

23
;

= zbgh.TED-ibgn.n-n-n.bgnnt.to#=0(n.logn)



Lecture 4

Part D

Examples on Recursion
Quick Sort



Quick Sort: Ideas

list

list
.si
ze
() 
- 1

0

pivot : ideally the median value of the list
elements

F)Isplit ¥;É,[
Foot

pivot

all tetanus E pivot tall elements > Foot
✓

"Ii land R

soil ) hail )
+ concatenate

→
sorted
version

of input
list

.



Quick Sort in Java

list 85 24 63 45 17 31 96 50

left

right

list

0
sort#-)t

base cases 4"tFÉfP"* put

04 )
all {tenants { pivot tall elements > Foot

✓

"It and R

OH[
.

.

soil ) soil )
tooncatenate

→ 1. Best case: SL SR

µ I6K 1RIe.ci#i:i.wF:::.
"

.

:

Wealth~
or 1121414

✓ ✓ ✓ ✓ ✓ ✓ ✓ ?
I

2445 1731 0¥
85 6396



Quick Sort: Tracing
split
concatenate
→

→

IT 24 31 45 to 63 85 96

I pivot
17 Z4 3IL 45

, aye 63 -85 v96

24 4.5 17 31 8563 96
^ pivot .

✓
IT L24 Gmat: V45 63

'

✓ 85
"

i

<1%247<45> . goucat:
✓

63 263s24 IT +41>+45
+ cab>

✗<> -

y

✗

any
:<stilt

"">

nonfat:<>+64
✓ ✓ At>

- 24 . . -85



Running Time as a 
Recurrence Relation

Quick Sort: Worst-Case Running Time

T(0) = 
T(1) =
T(n) =

-

-

Old)

=

,

I

9 I 7 I 5 I 3 I 7- In-1)+n
I 041

A 91715 l③
1 917 15

1 ¥⑦=
# splits :

[
Exercise : solve by unfolding4 OLD



Running Time as a 
Recurrence Relation

T(0) = 
T(1) =
T(n) =

Quick Sort: Best-Case Running Time login
04 )

I7-1IL

04 ☒a☒☒☒|:
☒☒ - . .☐i☐

7-

I

211th
%
median

E % >

✓ EK11/Exercise.it#eby
sizes equal To> =L Unfolding.FY15-1TW -1-119^-0)+n



Lecture 5d

Part A

Priority Queue -
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What is a Priority Queue (PQ)
"

keys
are nE

for searching purpose

2. When
these PT0

"""become
the highest,

it
does ¥1

matter

>
element

which entif
"

chosen .
2.
Pd .

tempare : rareFetalfemoral
denoting P

"""f) I. FE10 f. base,%?Fuel.
remove element

based on chronological
I. In PQ , vE notions of "font" or

"and" of theg.
order of insertion .

2 . The lower the key value of an entry , the higher its priority is .
↳ the entry with the minimum key value has the highestpriority.



List-Based Implementations of Priority Queue (PQ)

(k1, v1) (ki, vi) (kj, vj) (kn, vn)

(k1, v1) (ki, vi) (kj, vj) (kn, vn)

Approach 1: Sorted List

Approach 2: Unsorted List

At Az Exercise
e.g.

Use DLLHEY;q%! E%¥
"

✗
""%¥ Artiste .

Does it make a
"jÉn¥ difference -612T ?

Kit kj( entry -i'more important" than entry5)

n ↳
→ . . .- j→j→ . . .-

↳
→

¥fn¥⇒
that key
( lowestpriority)

-

↳
→ . . .-

↳
→

g.
→ . . .-

↳
→
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Heaps: Relational Properties of Keys

Property: Each non-root node n is s.t. key(n) ≥ key(parent(n))

in:&Ine tree .

rooted PI
. Any leaf- to-not path

✓
" "I:* I;;g{¥g*I

"
"

✓ has a sorted seq of

keys ."5 ✓ ✓ 36 ✓"É "Idated
P2 . the minimum

% ✓ "
✓
* ✓ 5th ✓ oil key exists in the-

not entry .
P3 . key values between LST and RST

are not related .



Heaps: Structural Properties of Nodes

Property: The tree is a complete Binary Tree
-

I = 13III.If we hi ygzns-E.it =3w.HN =

Him # of nodes : (2^-1)+-1
HATE# of nodes :(2h- 1) +

f) 2h
= 2h"- I

# of nodes at level h = n- (2^-1)



Example Heaps

4

Example 1

4

Example 2

6

4

Example 5

6 8

4

Example 6

8 6

6

Example 3

4

4

Example 4

6

relational
< structural

✗✓ ✓

µµ¥pñj%pb"" É" violating waxing
the
relational✗

654

structuralperiod property property
full .

✓

BTS

⇒
complete É

"
✓É4Éit

.

654

Bts
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Insertions



Heap Operations: Insertion

Insert a new entry (2, T)
'
e €jfµY¥¥t→ .

till
p

*É¥
276
" f¥%④

n
l1-

(bit)

✓¥ zoo
✗

1¥

§ Do>B)
must be right-most

at level h in order to preserve structural
property
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Heap Operations: Deletion

Delete the root/minimum §,
"
""
"
"

Hiding
p

E×eÉ"¥ resulting
tree

still a heap
?

*¥ it on
Mit)
/ U3H

¥
""

"*:*
"¥É ✗ n

=/ ✗ Level h'

; His
✓ At level h , nodes are stillÉxtYfde filed four L to R⇒ completeBT
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Top-Down Heap Construction



Top-Down Heap Construction

Exercise: Build a heap out of the following 15 keys:
<16, 15, 4, 12, 6, 7, 23, 20, 25, 9, 11, 17, 5, 8, 14>

Assumption: Key values supplied one at a time.

RI :# n°14 level
*

⇒ i.¥ ;¥÷gsteps
> first -11£"%eIZ not

+ f.zebgn
+ . . .

• . + I.⑥bgn
- - - -

-

☐ 20=1 Level 0
⑦ I --2 LevettÉY¥µ¥¥É, * ← 7- + bgitti + "

33503=4412
L É""☒b*☒ * is = 7- + by>n( n-1) :

¥¥eed .

e.
wet I¥¥¥¥ angry

.

Exercise : Complete inserting the
00 - - .

- - . . . .
002h
teeth

remaining keys to the heap.
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Bottom-Up Heap Construction

Exercise: Build a heap out of the following 15 keys:
<16, 15, 4, 12, 6, 7, 23, 20, 25, 9, 11, 17, 5, 8, 14>

Assumption: Key values supplied all at once.

t¥StepI
8 heaps , Stel > height 0

16 15412672320

15 . " 3 . Step 2
☐

8
☐

25% 2*15 ¥ ¥ 17
0
. I 11 11 11 /I

☐
• 4 or 16*14×126×72320

25 4 11

step
"3: - 12.5%5-1973 ¥4

6

'

3
• *

were"
° "

→ =\

°

- -

* -*s. *¥É⇒
¥0
.

-

11¥:p. :&!④
.

.

.

; :-.
>
2
""

"
'¥4k ! :*>'she=④

. Step 4.*
I \

5#* q 6

*¥11m
:

n*^
It #

'

7 17
② it's;!¥k%Éw
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Heap Sort: Ideas

a

a.siz
e() -

 1
0

ouv.by NI
④ entries

a-
✓

construct a heap out of
N entries

(A) Top -Down (B) Bottom - Up
selected" §:b 0W .bgN) jÉ? 0W>

=¥¥f exploit the HOP (relational property) :select the root stores entry with men keymin four
unsorted pot"

heap
•→ keep deleting the root

& put it
to until the heap is

one failed N deletions
> each

of the
list 9"/ ' O(byN)⇒- 0kW.bgN)
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Array-Based Representation of a Complete BT

1211109876543210

0 :

Exercise

I.✓ 2
,

↳£ what if the BT
Lodz is not complete ?

- 4.rghf.fi#j.5 6> '

YfÉdp:# ( bad for space uti. ?
I -8 A .IO ill

.
12

t.ge/o-mdet:Qh-f# nodes:

2h-1 ok?
4 a 4@zhiii.fo ,

14 >C) E.A)
'

(bit) 45,14451-11%0)HsB)(Hit)(25,5) (14
>E) (1711-141,5) 43W)



I hope you enjoyed learning with me ¥

All the best to you £


