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Lecture 1
Part A

Measuring Running Time via Experiments



Example Experiment

Computational Problem:
o Input: A character ¢ and an integer n

o Qutput: A string consisting of n repetitions of character ¢
e.g., Given input Y+’ and 15, OUIPUL * % % % % % % % % x % % * * .

Algorithm 1 using String Concatenations:

public static String repeatl (char ¢, int n)
String answer = "";
for {(int 1 = D5 1 € mp 1 4+ |
}

BUNSEIE =

return answer;

public static String repeat’Z(char c, int n)
StringBuilder sb = new StringBuilder();

for (int i = 0; 1 < n; i ++) { [sb.appen

return sb.tostringl(); |



Lecture 1
Part B

Counting Primitive Operations
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Example 1: Counting Number of Primitive Operations . . . .

a@é(zsfﬁ

1 §int findMax (int ] int @, {
2 @ currentMax e - - Cob
3 1nt 1 {

4 ]2 cgrentMax L+t

S (J) 1 currentMax

6( G ++>i : L@_(:'l' ]
g

return currentMax; } .
7 .

2t -
Q. # of times i < n in'Line 3 is executed? Al + ¢ ) o)
1gc,C) = (+43) +Zéﬂ—é) H
s

>
Lé‘e C‘A'>+l ;ﬁ-t;/&lad = Tn -2
Q. # of ’rlmes loop body (Lines 4 to 6) is executed?

|




Example 2: Counting Number of Primitive Operations

1 boolean foundEmptyString = false;
2 int 1 # 0;
3 while (!foundEmptyString && 1 < names.length) {
4 if (names[i].length() =20) ({ T
9 /* set flag for parly exit #*/ o
6 foundEmptygtrin = ti'/ue; .‘L
g } A M\" 1
i=1i+1;
< B ‘ I
Q. # of timés Line 3 is/executed? ol
7 viawls. [eatn] + (U Wa vis. gt
Q. # of times lo}?p body (Lines 4 to 8) is executed? (&)
YiLwbs. I

Q. # of POs in the'loop body (Lines 4 to 8)?



Lecture 1
Part C

Asymptotic Upper Bound






f(n) e O(g(n)) if there are:

o Areal constantc >0
o An integer constant ny > 1

such that:

Running Time

Example:

f(n) =8n + 5
g(n) =n

Prove:

f(n) is O( g(n) )

Choose:
9 $

C =
What abou’r







We prove by choosing

If f(n)is a polyn\9mlal of degree @, i.e.,

f(n) a-m+a -0+ +ag i

and ag, ay, . .., ay are integers (i.e., negative, zero, or positive), mt L bélt’l
then f(n) is O(nY) . Mt T ‘(:xé f"
o &é'l_d_
/Coperboms stoet m=17] 1) (al o - -las)
IR C 2
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O(_g(n) ): A Set of Functions

Each member f(n) in O( g(n) ) is such that:
Higest Power of f(n) <= Highest Power of g(n)




Lecture 1
Part D

Asymptotic Upper Bounds
of Math Functions



Asymptotic Upper Bounds: Example (1)

5 +3n-logn+2n+5is O(n?)

0

L= lel+ 13l ¢ [2] + l€] = £
Vo= 1

foy ¢ 68 Jy an)



Asymptotic Upper Bounds: Example (2)

20 On 10n-logn +5is O(n®)

0¢)

2ol + Jiol ¢ €] = 2

[ -
fo= |
Jy ¢ 367 o A% 1



Asym
ptotic
Upper Bounds: Ex
ample (3)

0(@16_ /2*7
[ALL
il

t.?.
“Twe




Asymptotic Upper Bounds: Example (4)

A (= l4l=
J\'\'Z \/\ (Z% e= T




Asymptotic Upper Bounds: Example (5)

"+d00)- logn is O(n)

o) L= |2l + loo] =loZ
fo=1 —+

o—

Crevee : Lhek < he uﬁgplm/v( o
dots o hdd whar V[=Vb=1 :

Te) ¢ w2z 7




Lecture 1
Part E

Asymptotic Upper Bounds
of Implemented Algorithms






It b +4 © Qoov
Ut s i +4 & 0(@%@K



Determining the Asymptotic Upper Bound (1)

int maxOf (int x, int y) {
int max = x; 0@)
if_(yv > x) {OC)

max = y; OC[)
}
return max; OC\)

0(/#/,; [+ = )

d=d-A




Determining_the Asymptotic Upper Bound (2)

int findMax (int[_] a, int n) {
currentMax = a[0]; 001

for (intCi = ™[I < b ) {tkv/lz

if (G[i] ?'c/urrentMax) {
currentMax = ali] ;)
i e £}
return currentMax; } 0(|

00l [+ )
= 0 ( 2+ 2n)
D)

NoOoOoarh~hWwWN —

J)



Determining_the Asymptotic Upper Bound (3)

boolean contalnsDupllcate (int[] a, int n) {

foxr (int i —(@ i < n {lk 2

for (1nt(75= - e
if (1 (=) 7 (&&Ja[iN\== a[7] {

return true; }
i tt; }
i ++; rod)
return false; } /7)/|

0 n (x t))+1)

= O@AZ{— A+ )
0(v®

o~NOoOO Al =




Determining_the Asymptotic Upper Bound (4)

int sumMaxAndCrossOPro cts (int[] a, int n) {
int max = al 4)) v
for(int 1 =(1} 1 <) 1 ++ {CXA>

if @G i) ) max) { max(XaliD; }

) =

{___7

int sz_lm@‘max; 0(’)
for :int k_—Eal k <@ k@[ { 2

sum\+= a[71 *)G[kl; }
L > 7 l-./'t\
return sum; }00 v

U(l_i_l_ic(ﬂ-)”)c/l-ﬂ >
= (( 2¢ et + ©°D
0



How mmg #s m [a.b] = b-Q tI M’,&F
Determining_the Asymptotic Upper Bound (5) ¢

int trlangularSum (int[] a, int n) {

v/for (ing i = 0; 1(<ln) i ++) {

for (int €D=UP 7 </ 7 ++) {

sum += aljl; }af()

return sum; }06

OO0~ WON—

L
Ant sum = 0; O(J) OG’D 0
]
2

S o bty Sequane 0
O(*—H VLD [+ -4 £)-1)
+ ° W"Bll-_'-'- NMA = N n
/+z+3+~-~+4;—0 Lot =Oco?+_1.“ o 4)

@ (L*C)-\' (T+20) + (ct ) + -~ « (T+ (-120)
N

i
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Lecture 2
Part A

Asymptotic Upper Bounds
of Array Operations



[0, T-1]= (t-D-0+! @@
Inserting into an Array =~ =(7) 4% Qe L <Ghyd]

String(] insetAt(String[] a, int‘@ String e, int
7string(] result Y new String[n + 1]; O[D

for(:l.nt(:;— 03 j <—(:2- l; j ++){ res lt @ } O(ﬂ D 001)

result(di)q= ¢g; ¥e Co 1= 4[]

for (int j —q j@# j ++){ resuly ~ } 0(/! l) &J»

return resul E7 )

[T, N :6l!= A =CTeD+( =[N-) | |

Example: . e (¢ > N when

mserfAf({alan mark, tom}, 3,(jim,){J (3P
ot # of

1 2 7tenotel

KT & alm o eslt2] = ar2-11
OCt A+l et 1\h Y Bl aBAT

=0 () ‘”“t”zu k] o

y




Lecture 2
Part B

Asymptotic Upper Bounds
Selection Sort vs. Insertion Sort



Sorting Orders of Arrays | decreasing/descending
T T L vatwep (P d“f,"tM)
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A 14
Selection Sort ~ » "‘oéret 2

;MZ&K

Keep|selecting minimum|from the unsorted portion
and appending it ’ro the end of sorted portion.

cheep®

@D unsorted

sorted

0(A + @yt o)

Ist zol '
T RRA I | )

0 1 2 3




Insertion Sort [mf&/

g,feﬁ
@» unsorted

sorted

28 (A + (I+Z+--- + (a-D)
K péol =0c®

. %o
1)« C « ortf
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X J
. . 0N+ (N + (n-2)+ 0o O --- @l
Selection Sort in Java 4 +2) | T e 2D
= =0y 2 2- - @D
1 Pvoid selectionSort (int[] i :_ L . (A=) (A4
2 for (GintQEEEE: i <= (n — 2); 7 ++) a "2 0 ICL)T) 3°
3 = int minIndex = 1i; 2
4 -, for (int j =@ j<=(n-"1); i+  OQ) \'ﬁl % [ V2% 2
5 — S if (alj] < alminIndex]) { minIndex = j; }
6 —>|int temp = alil;
7| 7|ali) = alminIndex]; 4»14? AIT(.)] Md a["':"il'd 1 Outer Loop:
8 ' = ; ' i i
Aminindex] —_tomp At the end of each iteration
0 Tek
Inner Loop: select the next min from ali] to a[n - 1] of the for-loop, H"{t
and put it to the end of the sorted region. a is sorted from a[0] to a[i].

_(D] inner loop: j from ? to ?| midindex at L6 | after L6 - L8, a becomes?

3 a ol (D 1z | B
0| 0 1-. (4 T N~ k3l 4] 2
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(2t 2+ &t e O(”Fﬂw (770 A 405150
Insertion Sort in Java 0 4] A 7
L0, = vg_];t_]_-_,

1 fvoid 1nsertlonSort( int[] a, int n) MMA/ N‘*
2 for (int Si} i <94_ i ++) a 1 2 3’t0mt
3
4 ~1 3 | | 4] 2 -I
B
6
7 Outer Loop:
8 At the end of each iteration

f the for-| belof ©
Inner Loop: find out where to insert current into| |©F Th€ Tor=100p. 1
a[0] to ali] s.t. that part of a becomes sorted. a is sorted from a[0] to ali].

current after L3 15j at L8

a1l @O 0

L
(2) 4el 4
2|zl @

N
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Lecture 2

Part C

Singly-Linked Lists -
Intuitive Introduction



. . | , mtl] 4= vas mtl s
Singly-Linked Lists (SLL): Visual Introduction

- A chain of connected nodes (=__O E;‘?*g SLL
-/Each node contains: b / il
+Vreference to a data object ul| ’%,‘A, (

+ reference to the next nod

- Accessing a node in a list: 1 (@) SLL with sce 1
+ Relative positioning: O(n)

+ Absolute indexing:'O(1) - | r/
d 2
il ll

- The chain may grow or shrink dynamically.

- Head vs

‘
(3) QL wih (s 2 L zxﬂM j
head ~[_ [ P | 9

/
> \\J“‘M' ‘@l\y\m'l S o




Lecture 2
Part D
Singly-Linked Lists -

Java Implementation: String Lists
Initializing a List



Implementing SLL in Java: SinglyLinkedList vs. Node

public class SinglyLinkedList {
private
public
public
public

Node| head = null;
void setHead(Node n)
int getSize() { ... }
Node getTail() { ...}
void addFirst (String e)
Node getNodeAt (int i) {
void addAt (int 1,
void

public
public
public
public

public cleps Node {
private‘;tring elanEmc
private Node next;
public Node(String e, Node n)
public String getElement ()
void setElement (String e)
Node getNext ()
void setNext (Node n)

public
public
public

{ element =
{ return element; }

{ head = n; }

{

€y

{ element = e;

{ return next; }
{ next = n; }

Runtime

- /—\-—//27

String e)
removeLast () { ... }

next

v
SLL

ad

/

n; }

- K 74
} "Rl




SLL: Constructing a Chain of Nodes

public class Node {
private String element;

private Node next; = m‘( .
public Node(String ¢, Node(n) { glement = e;| next

public String getElement () { return element; }
public void setElement (String e) { element = e; }
public Node getNext () { return next; }

public void setNext (Node n) { next = n; }

Approach 1
Node tom =|new Nodel"Tom", null) ;

Node mark = new Node ("Mark",(~Y%om);
Node alan = new Node("Alan", mark); /

() L] w
= ep ~

ol.| > 4 ?lélwb_"

5 \rzv"/

— yull




SLL: Constructing a Chain of Nodes

public class/ Node {
private String element;
private 'Node next;
public Node (String e, Node n) { element = e; next = n; 1}
public String getElement () { return element; }

public void setElement (String e) { element = e; }
public Node getNext () { return next; }
public void setNext (Node(n'! { next =(n; }

Approach 2 nz ot _)(

Node = new Node ("Alan", null); ele B 0 N
Node = new Node ("Mark", null); - .

Node new Node ("Tom", null); Mt \ | mt \"

alan.setNext (mark) ; ) ‘j<
mark.setNext (tom) ; v




SLL: Setting a Lists Head to a Chain of Nodes

public class SinglyLinkedList {
private 'Node = null;
public void setHead (Node
public int getSize() { ...
public Node getTail() { ... }
public void addFirst(String e) { ...

public Node getNodeAt(int 1) { ...
public void addAt (int i, String e)
public void removeLast() { ... }

Approach 1 ﬂ‘le L )\ et -\?& I\;,

Node tom = new Node("Tom", null);

Node mark = new Node ("Mark", tom);

Node alan = new Node("Alan", mark); ]
SinglyLinkedList new SinglyLinﬂedList ) ;




SLL: Setting a Lists Head to a Chain of Nodes

public class (SinglyLinkedList ({ l_ NJLL
st

private ‘Node head = null; M ’_%aﬂl‘,I
public void setHead(Node n) { head = n;
public int getSize() { ... } \
public Node getTail() { ... }

public void addFirst(String e) { ...

4
public Node getNodeAt (int i) { ... "Alavl\ "‘M" “ﬁ'x
public void addAt (int i, String e) m* ToM

public void removeLast() { ... } I(?( I(f
. o2 | o |

Approach 2 @ﬁfpﬁ() ? . ()L

Node alan = new Node("Alan", null);
Node mark = new Node ("Mark", null);
Node tom = new Node ("Tom", null);
alan.setNext (mark) ;

(g~]
LN
L]

mark.setNext (tom) ;

SinglyLinkedList list®= new SinglyLinkedList () ;
list.setHead(alan);




Lecture 2

Part E

Singly-Linked Lists -
Java Implementation: String Lists
Operations on a List



SLL Operation: Counting the Number of Node

list
G\glyunked List
head

S

int getSize() {
ingshes =
Node current = (head;
while

alan
(Node

element

next

(current != null)

( 00)

}
f“él
return size; 4& w

’19’(

“Alan” element

mark
(Node

next

=

element

next

Trace: list.getSize()

o>
current

current != null

End of Iteration]si

7
Z

3
0a)

. (N dentevs)




SLL Operation: Finding the Tail of the List

list &
¢

head

1 PNode getTail(
_2? —>» Node current =) head;

ﬁ alan
w /
SinglyLinkedList Node

element

next

1)

!= null) {

“Alan”

T

element

next

“Mark”

next

m-l

Node

element

null

Trace: list.getTail()

g’etNext OF

S Node tail = null;

4 wh:Lle (current

78 -—=p tail = current;

5 &) =» current=Jcurrent
7 }
o7

current

current != null

tril
twul
tml
Joke

3

End of Iteration]tail
/ hlan
Z mull.

(fom




SLL Operation: Inserting to the Front of the List

@Test
publi
SinglyLinkedList list = new SinglylLinkedList();
—)asser'tTr'ue(llst getSize() == 0),
— assertTrue(list|getFirst() == null); if (Size =

= tail =| head|

list.addFirst("Tom");
list.addFirst("Mark");
list.addFirst("Alan™);
assertTrue(list.getSize() == 3);
assertEquals("Alan", list.getFirst().getElement());
assertEquals("Mark", list.getFirst().getNext().getElement());
assertEquals("Tom", list.getFirst().getNext().getNext().getElement());

st ™| _SL

(4
<




Lecture 2
Part E (continued)
Singly-Linked Lists -

Java Implementation: String Lists
Operations on a List



Errres ot ot -Foply feck - [t gptodedti-=1 w. fat i@fAlonA’Cé)

SLL Operation: Accessing the Middle of the Lis

list alan
Gglyunked List (Node
head element

C
Trace: list.getNodeAt(2)

TR &: @det current | index | index < 2 | Start of Iteration

int

—DINode current =[head; 0C|) AIM O T

~>»while |(indéx <"®)| { /x exit when

T4
It %
| @,
! i

< = head b :
ﬁu%lﬁb &e: 0 Zr”%g&%‘t@s 0<0 Il 0>=0->T)

Dlindex ++; &
wak

current = current.getNext () ;

—>|return current; | 'bM

N IR -
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Case: addAt(i,@), where i >0 | vicdos next.  vaudoch.
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SLL Operation: Inserting to the Middle of the List
Swee - ‘,Z 4 " oloBoort

(€€ :

@Test
public void testSLL_addAt() {
SinglylinkedlList list = new SinglylLinkedList(Q);
assertTrue(list.getSize() == 0);

list
assertTrue(list.getFirst() == null);
SinglyLinkedList

list.addFirst("Tom");
list.addFirst("Mark™); | | | null
list.addFirst("Alan"); ‘ ‘

assertTrue(list.getSize() == 3);

—> list.addAt{@), "Suyeon™;
—> list.addAt(Z} "Yuna");

assertTrue(list.getSi: getSize = 5); ot
list.addAt(list.getSize "Heeyeon™);
g ;-

assertTrue(list.getSize() =

void addAt (int i, String e) {
assertEquals("Suyeon", list.getNodeAt(@).getElement()); if (A< 0 Il i > size) |

throw new IllegalArgumentException("Invalid Index.");

}

else {
=D if G ==10) { T:::’<:::
x —>»addFirst(e);

)
Dy else { L ¢
—9Node nodeBefore =| getNodeAt (i - L)}

== Node newNode = new Node (e, nodéBérore.getNext());
E— N

nodeBefore.setNext (newNode) 7
S = size ++;

assertEquals("Alan", list.getNodeAt(1l).getElement());
assertEquals("Yuna", list.getNodeAt(2).getElement());
assertEquals("Mark", list.getNodeAt(3).getElement());
assertEquals("Tom", list.getNodeAt(4).getElement());
assertEquals("Heeyeon", list.getNodeAt(5).getElement());




axd ddleg (&‘w& et~ o
il yeworlat () ——~= (W)
( W”( l,ordmclo ﬁef L Zﬂl{ et wiocle

ST A

-

.

mzi.get)u'ext(vi_aa Ned2 (2 D)3
S tail = tadl 3&/\1.9&():,
5w ++s

5




SLL Operation: Removing the End of the List

@Test
public void testSLL_removelLast() {
SinglylLinkedList list = new SinglylLinkedlList();

assertTrue(list.getSize() == 0); list
assertTrue(list.getFirst() == null);
SinglyLinkedList
list.addFirst("Tom"); .
list.addFirst("Mark™); : : : null

list.addFirst("Alan");
assertTrue(list.getSize() == 3);

list.removelLast(); N‘ l
assertTrue(list.getSize() == 2);

assertEquals("Alan", list.getNodeAt(0).getElement());
assertEquals("Mark", list.getNodeAt(1l).getElement());

list.removelLast(); void removeLaqE O 1
assertTrue(list.getSize() == 1); — :>1f size == 0) {

asser'tEquals("Alan", list.getNodeAt(@).getElement()); } throw new IllegalArgumentExceptlon "Empty List.");

v . ‘
2 list.removeLast(); —> o ;Ilsr‘:mj/efllrzset __1_ [ 0: A) “—? h@

assertTrue(list.getSize() == 0);
assertNull(list.getFirst()); V4

B =P Node secondLastNode = getNodeAt size — 2),
=P secondLastNode.setNextTHall);

secondLastNode;



Exercises: insertAfter vs. mser'rgi){’ore
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Lecture 2
Part F

Singly-Linked Lists -
Comparing Arrays and Singly-Linked Lists



Running Time: Arrays vs. Singly-Linked Lists

DATA STRUCTURE
ARRAY | SINGLY-LINKED LIST

OPERATION

get size ‘a@#
get first/last element v O(1)
get element at index i m

remove last element

add/remove first element, add last element o(1) Bg Vo
given reference to (i — 1) element @ "”{
vesctad -

add/remove i element

not given o
—
list alan tom ﬂd Z %
GglyLinkedList (Node (Node (7
head element > “Mark” *| element “
next next null

1.4 | P 0 1 2
fﬁ’&‘ﬁg\ kp’(\ ZAA %M%M a"-\| “Alan” ['Mark” “%n]”\J



Lecture 2

Part G

Singly-Linked Lists -
Implementing Generic Lists in Java



A 05 o Mv(my\b/ 'doJ« wik vt & & -P/ viotp ebm\fs
Non-Géneric Classes/Node vs. SinglyLinKedList

public class Node
private e lement;
private Node next;
public Node (String e, Wode n), { element = e; next

public String getElement\() { keturn &lement; }
public void setElement (String ¢) { element = e; }
public Node getNext () { return hnext; }

public void setNext (Node n) { nkxt = n;| }

public class SinglyLinkedList { Node nl = new Node(“Alan”, nu“);
private Node head = null; L .
public void setHead(Node n) [ head =/n; } Node n2 = new Node("Mark”, n1);
public int getSize() { ... } X
public Node getTail() { ../} NOde n3 = new NOd null);
public void addFirst(String e) { /.. }

SLL list = new SLL(); AM{K\‘@\(‘
list.setHead(n2); weeh the

list.addA(0, “ Tom”); towmetéeol «f“j
list.addAt(1,[23)" 7‘7}’9

‘Q A"‘r Node n4 = list.getNodeAt(1);
String e = n4.getElement();

public Node getNodeAt (int i) { f/. }
public void addAt (int i, Strin
public void removeLast () { ..




44 G = , NO law He phoae eFe(euenf

Generic/crass s: Node and Sln lyLinkedList WS
iy T WY, T z{a«e obJamxle

public class Nj H 1 Node = new Nod@“Alan null)

pr:.vate

priate Nodiggs / jm',“. Node<Stri @ new Node<>("Mark”, n1);

public_ Node ( IP, Node<$£=n_) { element = e; next = n; } Node<In eger> n3 = new NOd@23 nu“)
public s getFlembnt () { gweturn element; }

public void W(&e) { element = e; } NOdG(IﬂIﬁgﬁ') n4 = new NOd€<>(46 n3‘g<
ublic Nod Next t t;
public NodeJ&P gelicl) [freturn next; ) NodedIntegerp(n5)= new Node<> null

public void setNext(Node<§ n) { next = n; }
NodedIntegerp né = new Node<>(46-

public class SinglyLinkedList<¥ p
private Node<@ head; SLL<Stringy listl = new SLL<>(); w
rivate Node<sE tail;
. : JJ list1l se’rHeag-::z

private int size;
~—3-> public void setHead(Node<g> n) ls’rl.addA’r(O‘ “TOm"!‘/ g

public void addFirst ( e { ... . 0

Node< Sl getnodeat gt i) { ... Node<String> n7 = Ils’rl.ge’rNodeA’ril);
—Sk> void addat (int i, g &) { ...} String el = n7.getElement(); =S

. .\A SLL<In}r{ger>Ls,’r_2_= new SLL<>();
Alde < E > 'I?SZ <et T C_:Ylé)/',l (list2.setHead(n4);
ooy ist2-addAt(0,(68);

I Node<Integer> n8 = list2.getNodeAt(1);
/\a&gﬂeger e2 = n8.getElement();




List Constructions

alan mark tom o 1ist alan mark tom
Ge<strlng> Ge<strlng> ( g SinglyLinkedList (Node (Node (Node
element “,
“pom~ U1l | null

element

next “Alan” next

Approach 1

Node tom = new Node("Tom", null);

Node mark = new Node("Mark", tom);

Node alan = new Node("Alan", mark);
SinglyLinkedList list = new SinglyLinkedList () ;
list.setHead(alan);

Node<String> tom = new Node<String> ("Tom", null);

Node<String> mark = new Node<> ("Mark", tom);
= Node<> ("Alan", mark);
list = new SinglyLinkedList<>();

Approach 2 Approach 2

Node alan = new Node("Alan", null);
Node mark = new Node("Mark", null);
Node tom = new Node("Tom", null);

Node<String> alan = new Node<String> ("Alan", null);
Node<String> mark new Node<> ("Mark", null);
Node<String> tom = new Node<> ("Tom", null);
alan.setNext (mark) ;

alan.setNext (mark) ;

mark.setNext (tom) ;

SinglyLinkedList l1ist = new SinglyLinkedList () ;
list.setHead(alan);

mark.setNext (tom) ;
SinglyLinkedList<String> list = new SinglyLinkedList<>();
list.setHead(alan) ;

Generic List Non-Generic List

ﬁh@é&q{>dﬁﬂ 3§x§~),

e<>£~-




SlL< Sy >
SUL <o

Generic List

void addFirst (}q7e)
head = new Nbde<}f (e, head);
if (size == 0) { thil = head; }
size ++;

List Me’rhods

1 >= size) {
throw new IllegalArgumentExcept
else {

int index = 0;
Node< current = head;
while (E;dex < 1) |

index ++;

current = current.getNext () ;

}

return current;

Nbde<?f5 getNodeAt (int i) {

Non-Generic List

void addFirst (String e) {
head = new Node (e, head);
if (size == 0) {
tail = head;
}

size ++;

Node getNodeAt (int 1) {
if (i < 0 || 4 >= size) { /* error
else {
int index = 0;
Node current =

head;

while (index < i) { /* exit when
index ++;
current = current.getNext();

}

return current;
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Doubly-Linked Lists -
Intuitive Introduction



Doubly-Linked Lists (DLL): Visual Introduction 4,

gﬂt&

- A chain of bi-directionally connected nodes
- Each| node|contains:

+ reference to a data object

+ reference to the next node

+ reference to }he previous node Fr& tef

- A DLL is also aS_LLO\g_ 14 VQ‘AZM% ;
h@db{ g(-&:o. 'b/i[w

+ many methods implemented the same way

+ some method implemented more efficiently

- Accessing a node in a list:
+ Relative positioning: O(n)
+ Absolute indexing: O(1) _ tuey. .
- The chain may grow or shrink dynamically.
- Dedicated Header vs. Trailer Nodes
(no head refeference and no tail reference)

ol Bt | st heder

lat tr%:m,
Nodo<cE>
dam — A
viert —

.fL@J
e 1 bpty wL

B B
= = vl
/

: wl| ,0( M
(o 2:w§§gyl ,,77 g
headles 17

S / ;
LA

et
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Doubly-Linked Lists -
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Initializing a List



Generic DLL in Java: DoublyLinkedList vs. Node

public class DoublyLinkedList<j> @Test
private int size = 0; public void test_String_DLL_Empty_List() {
public veid addFirst(E e) { ... DoublylLinkedList<String> list = new DoublylLinkedList<>();
public wold Femovelast I o ;s assertTrue(list.getSize() == 0);

ublic void addAt(int i, E e) : .
irivate Node<E> header; assertTrue(list.getFirst() == null);

private Node<E> (RIS assertTrue(list.getLast() == null);

public DoublyLinkedList()J{ v ‘/ -
ﬁheader = new Node<> (null, null,ynull) ;/

trailer = new Node<> (nu l, null) ;
[y ?

eader.setNext (trailer);

public class Node<E> ({ 0
private E element; ! ‘A
private Node<E> next; ¢

public E getElement() { returnfelement; } Node<String> Node<String>
. . /. = e;
public void setElement (E e) J ‘element e; 1} element element -

public Node<E> getNext () {(return pext; } !
public void setNext (Node<E>Vn) { } next next :
private Node<E> prev; " ° prev P prev

public Node<E> getPrev() {freturn prev; }

public wvoid setPrev(Node<E;>7p) { prev = p; }

public Node(E_e, Node<E Node<E>_) {
element = ¥; "
previ=)p; . Node<$+ﬁngl
, BERE S B WOI- C{')Jexff == t{k(w element
next

filktlaf L 3&?«3]() == hepdes ==
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Operations on a List



Generic DLL in Java: Inserting between Nodes
element]

void addBetween (E e, Node<E> ‘pred, Node<E> (succ) {
\/Node<E> newNode = new Node<> (&Y é

—

pred.setNext (newNode) ;

/ succ.setPrev(newNode) ;
Bz =t

Assumption: pred and succ are directly connected.
SUCC

— - oo piMOLKO
S [ = emen] —
[

@ Node<E>

element
" wddle iex’r




Node<Sfrin9=

element

Generic DLL in Java: Inserting to the Front/End .

prev

@Test

public void test_String_DLL_Insert_Front_End() {
DoublylLinkedList<String> list = new DoublylLinkedList<>();

\/ list.addFirst("Mark");

list.addFirst("Alan™);

void addFirst(E e) sy
addBetween (e, header, header.getNext ())

}

void addLast (E e) {
addBetween (e, traile

.getPrev(), trailer)

assertTrue(list.getSize() == 2);
assertEquals("Alan", list.getFirst().getElement());
assertEquals("Mark", list.getFirst().getNext().getElement());

}

DLL<String>
list = new DoublyLinkedList<(); _ size % X2
list.addLast("Mark"); EW P — header]
list.addLast("Alan"); Wé trail —
gac dsy railer

assertTrue(list.getSize() == 2);
assertEquals("Alan", list.getlLast().getElement());
assertEquals("Mark", lipsa.getLast().getPr‘ev().getElement())

s

Node<$+rinL> ZM”

q . Al
Node<String>| } Node<String>| f Node<String>
element /9lelemen’r element| element] —

e Z next 7”7 next next e ' l

>
N
“J‘\\ &~ prev = pre\,ﬁ - prev & // L prev i




Node<String>

Generic DLL in Java: Inserting to the Middle e
0

prev

@Test

public void test_String_DLL_addAt() {
DoublylLinkedList<String> list = new DoublylLinkedList<>();
list.addAt{(@,)-"Alan™);

list.addAt(1, "Tom™); ’Gacge:

list.addAt(1, "Mark™"); & ,ﬁﬂ{ﬁ—
assertTrue(list.getSize() == 3);
assertEquals("Alan", list.getFirst().getElement());

assertEquals("Mark", list.getFirst().getNext().getElement());
assertEquals("Tom", list.getFirst().getNext().getNext().getElement());

if (i < 0 || 1 > size) {
throw new IllegalArgumentException
else { . ) |
Node<E> pred =)getNodeAt(i — 1);
S—
Node<E> succ # pred.getNext() ;

addBetween (¢, pred, succ);

}
}

Notes. DLL<String>

+ getNodeAt(-1) returns the header size 0_|

- header!
+ getNodeAt(size) rev’%rr;s the frailerj trailer | —1
8
Node<String>| }M“ "Abﬂ”
element] = w
element] =

next ]

“.A\\ e prevK_/ :exf Prek_/ prey

Node<Sh‘ing> N
element] = ﬂ

next — -)nul’




Generic DLL in Java: Removing_a Node

void remove (Node<E> néde) {

+9INode<E> pred‘'= node.getPrev();

A Node<E> succ = node.getNext () ;
pred.setNext (succ) ;
succ.setPrev(pred

) ;
@ uede. setNext (null) ;
)

(
(
(
Q;MOde.setPrev(null
Silimey ==

}
. o - 7 el
Assumption: node exists in some DLL. UL f‘m

7 at \/
ot
+ee——slTomen] = Sement]_— ement] —

wlle@ [next | Zeomall [next | A
A I . Jprev

node



Generic DLL in Java: Removing_from the Front/End

@Test
public void test_String_DLL_Remove_Front_End() {
DoublyLinkedList<String> list = new DoublylLinkedList<>Q);
list.addFirst("Mark™);
list.addFirst("Alan"); void removeFirst() { v

list.removeFirst(Q); if (size == 0) { throw pew IllegalArgumentException("Empty"); 1}

list.removeFirstQ); .
2 else remove (header.getNext
assertTrue(list.getSize() == 0); y { f ( Q)i

list = new DoublylLinkedlList<>();
list.addFirst("Mark");
list.addFirst("Alan");
list.removelast();
list.removelLast(Q);
assertTrue(list.getSize() == 0);

void removeLast () {
if (size == 0) { throw new IllegalArgumentException("Empty"); }
else { renfve (trailer.getPrev()); }

)
: ML Sl 24t

header
Node<E> [/ Node<E> \l| Mark Node<E> null
element element] ——
null next vid|[ Lnext A :‘null
L~ prey ¥ rev trailer
header
— 3 Node<t> null Node<E> Alan Node<E> Mar Jode<E> null
element] ~— A element] ~— element] ~— %elemenf —
null next A next Z next 4 next 7 null
~ previfee 1 previin._ previne._ -t prev e trailer




@Test

assertTrue(list.getSize() ==
list.removeAt(0);
assertTrue(list.getSize() ==

public void test_String_DLL_removeAt() {

DoublyLinkedList<String> list = new DoublylLinkedList<>();
list.addFirst("Mark™);
list.addFirst("Alan");
list.addFirst("Tom");
assertTrue(list.getSize() ==

3);

13

removeAt
if (i < 0

{

i >= size) {

throw new IllegalArgumé¢ntExce
else {

Node<E> node =
remove (node) ;

Node<E> «

element

next

header
—3" Node<t> | null Node<E>
element] ~— A element] ~
null next 7 next 74
S——-= previem 1 prev

=

Node<E> Mark Node<E> null
element] ~— element] ~—— A 3
next A next 7 null
F previjme _F prev trailer
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DATA STRUCTURE

OPERATION

size

first/last element

element at index i

remove last element

add/remove first element, add last element

given reference to (i — 1) element
not given

mark
(Node

“Alan” element

add/remove i element

list alan
Gglyunked List (Node
head

element

next next

header
— N Node<E> )null Node<E> Alan Node<E> )Mark Node<E> )Tom Node<E> null
element] ~— element] —— A element] —_— element] element] ~—— %
null next 7] next 7 next 1 next A next A gnull
~ ) previi A+ previee L previ;e L 0] S g prev trailer
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o
Supplier vs. Client in OOP 4‘%6 oy

class Microwave {
private boolean on;
private boolean locked;
void power() {on = true;} "Microwave| m = new Microwave () ; A[IA//
void lock() {locked = true;} Object obj = | 2?2?72 |; blt&f ¢

lass | MicrowaveUser
public static void main(...) {

void heat(Object stuff) ({ m. power () ; m.lock();] le? te
/* Assume: on && locked */ - mbjﬂ\; &’M
/* stuff not explosive. x/ — %M n
4 ity »

"','." ;
o e chent 00

Bl gt

4o MY )
et +o Moples wethd )
chet 4 %W.r/y n oty to €




Modularity: Childhood Activities




Modularity: Daily Constructions

g@é BB Wh 0

8x 6x 12x  2x  4x 2x 6x X 18x

o

2*




Modularity: Computer Architectures

Reset/WDT
Control

Serial
Port

Power Supply —»

16-Bit
Address Bus

8-Bit
Data Bus

Control
Lines

Rear Fan DIMM DDR2
Connector Memory Slots (x2)

CPU Fan CPU Socket
Connector (LGAT775)
4-pin X
ATX Connector
g

1/0 Panel
Connectors

Integrated Ethernet
chip
PCI Express x16
Slot
PCI Express x1
Slot

SuperlO

Chip  24-pin ATX
Power Connector
Floppy Connector
IDE Connector (x1)
Chasis Fan
Connector

SATA
Connectors (x4)

Panel Header
USB Headers
Southbridge
(without heatsink)
Northbridge Chipset
CMOS Battery
PCI Slots (x2)
Front Audio
Header

Integrated HD-Audio
codec chip




Modularity: System Developments

(* DECLARATION )

| LIMITS_
| ALARM

FUNCTION_BLOCK LIMITS_ALARM
VAR_INPUT

H : REAL; (* High limit *)
X : REAL; (* Variable value H-(EPSI2)
L : REAL; (* Lower limit H-EPS
EPS : REAL; (* Hysteresis

END_VAR
VAR_OUTPUT
QH : BOOL; (% High flag

Q : BOOL; (* Alarm output =x)

QL : BOOL; (* Low flag
END_VAR
END_FUNCTION_BLOCK

NC(No change)

L+EP:

*)

L+(EPS/2)
L

QH=0(FASLE)
QL=0(FALSE)!

/ NC(No change)

*)

QL=1(TRUE)

» TIME

(* Function block body in FBD language =

____________________ e
+o-—t w2

HIGH_ALARM

| HYSTERESIS
| XIN1

| XIN2

HYSTERESIS
XIN1

XIN2




Modularity:

*

ITERABLE [G]

sorted-maps

new_cursor®

SORTED _MAP_ADT [K, V]*

feature -- model
model: FUN[K, V]
sorted_keys: ARRAY [K]

feature -- commands
extend (key: K; val: V)
require —has (key)

remove (key: K)
require has (key)

feature -- queries
item(key:K): V
has (key: K): BOOLEAN

invariant
Vi € [1, model.count):
sorted_keys[i] < sorted_keys[i+1]

sorted_keys.count = model.count

Yk € model.domain : k € sorted_keys

.

+
SORTED_MODEL_MAP [K, V]

after*: BOOLEAN

new_cursor+
SORTED_MAP_

CURSOR [K, V

*

SORTED_MAP_

DESIGN [K, V]

v
SORTED_RBT
MAP [K, V]

implementation

¥
SORTED_LINEAR _
MAP [K, V]

implementation

implementation

sorted-collections
P [ V4

SORTED ADT [K, V]*

feature -- model
model: SEQ [KV_PAIR[K,V]]

feature -- commands
extend (a_item: TUPLE [key: K; value: V])

require —has (a_item.key)

remove (a_key: K)
require has (a_key)

feature -- queries
item alias "[]" (a_key: K): V
require has (a_key)

as_array: ARRAY[KV_PAIR[K,V]]

invariant
Vi € [1, model.count):

model[i].key < model[i+1].key
.
Vi € [1, model.count]: ﬂbM
J

as_array[i] ~ model[i]

SORTED

SORTED_ e
TREE [K, V]

LINEAR [K; V]

implementation




2 I G s 3. Vs
y Interface
Data add()

Structure remove()
find()

class Microwave {

private boolean on;
private boolean Iocked;
void power() {on = true;} Microwave m = new Microwave();
void lock () {locked = true;} Object obj = ;
void heat (Object stuff) { m.power(); m.lock();]

/+ Assume: on && locked x/ m. heat (ob7j);

/* stuff not explosive. */ -
o}

class MicrowaveUser
public static void main(...) {

benefits obligations
CLIENT obtain a service follow instructions
SUPPLIER || assume instructions followed | provide a service




Java API & Abstract Data Types

set(int index, E element)
Replaces the element at the specified position in this list with the specified element (optional
operation).

E set(int index,
E element)

(Replaces the element at the specified position in this list with the specified element (optional operation).)

Parameters:

index - index of the element to replace
element - element to be stored at the specified position

Returns:

the element previously at the specified position

(Interface LISt<E>) Throws:

UnsupportedOperationException - if the set operation is not supported by this list

ClassCastException - if the class of the specified element prevents it from being added to this list

‘E - the type of elements in this list] NullPointerException - if the specified element is null and this list does not permit null elements

IllegalArgumentException - if some property of the specified element prevents it from being added to this list
All Superinterfaces: ga’ro P property p p g

Collection<E>, Iterable<E>

(IndexOutOfBuundsException - if the index is out of range (index < @ || index >= size()))

All Known Implementing Classes:

AbstractList, AbstractSequentiallList, ArrayList, AttributeList, CopyOnWriteArrayList, LinkedList, RolelList,
RoleUnresolvedList, Stack, Vector

public interface List<E>
extends Collection<E>

‘An ordered collection (also known as a sequence).’l he user of this interface has precise control over where in the list each element is
inserted. The user can access elements by their integer index (position in the list), and search for elements in the list.
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Stack ADT -

Last In First Out (LIFO)
Implementations in Java



Stack ADT: Illustration

push(5)

Eush$3!

push(1)
,‘M.

pop L
L

pop 2
»A"A'

pop.




Implementing the Stack ADT in Java: Architecture

public interface Stack< E > {
public int size();

public boolean isEmpty();
public E top();

public void push( E e);
public E pop();

ArrayStack(E)



Implementing the Stack ADT using an Array

public class ArrayStackqd> implements Stack Af( f0&<\gﬂ" >
private fiqal int MAX CAPACITY = 1000;
private ] data; E _b S k
private int t; /x index of top %/ (AQM(MJ w r

public ArrayStack() {

data = (E[]) new Object [MAX CAPACITY]; gmk<s
t = =i W >

}

public int size() { return (t + 1); } (E[ OL_PC{[ ]
public boolean isEmpty() { return (t == -1); } 3 —
public (E top() { “h
if (isEmpty()) {®/* Precondition Violated x/ kt M’P b
else { return datalt]; } M e
o L wol st Wit @ Jao.
public void push(E e) {
Iif (size() == MAX=CAPACITY) {‘ /+ Precondition Violated */l}
else { t ++; datalt] = e; } {’
} e#{m
public E pop() {

E result;

if (isEmpty()) { /* Precondition Violated =/ }

else { result = datal[t]; datal[t] = null; t ——; }

return result; d\ O /

}

%2%




public class LinkedStack<E> implements Stack<E> ({
private SinglyLinkedList<E> 11ist;

Singly-Linked List Method
Slac’ Mathod Strategy 1 Strategy 2.
size list.size
{PY iSEmpty list.isEmpty
top list.first ' list.last
- push list.addFirst list.addl ast
pop list.removeFirst || list.removelast

Strategy 1

GglyLinkedList
head

&

OC‘) “ -;4" j/




. . Grack<S> 8 = vieo Stark<>()s
Stack ADT: Testing Alternative Implementations "L sedee sede

@Test
public void testh&ymorphicS?acks() {
s )= new ArrayStack<>();
"Alan%; /* dynamic binding =
"Mark) ; /* dynamic binding =x
"Toi"); /#* dynamic binding */
(s.size() == 3 && !s.isEmpty\));
quals ("Tom", s.top());

J W""‘ﬂg-/ﬁsﬁ[ehoﬂes

=_Rew LinkedStack<>();

o "Alan"); /* dynamic binding */
< "Mark"); /% dynamic binding x*/
\D ("Tom"); /* dynamic binding =/

asseftTrue(s.size() == 3 && !s.isEmpty());
asserxtEquals ("Tom", s.top());

implements,

ArrayStack(E) LinkedStack{E)

public class ArrayStack<E> implements Stack<E> {
private final int MAX CAPACITY = lQpO; 1k
private E[] data; P
private t; /+ index of top */ -
public ArrayStack() {
data = (E[]) new Object [MAX_ CAPACITY]; V‘(o &

public int size() { return (t + 1); }
public boolean isEmpty() { return (t == -1); } 49?

public E top() {
if (isEmpty()) { /*» Precondition Violated x*/ }
else { return datal[t]; }
}
public void push(E e) {
if (size() == MAX CAPACITY) { /+ Precondithon, Violated x/ .}
else { t ++; datalt] = e; } 0 (

l}mblic E p.op() { S%’ ’_JIT ' ..

E result;
if (isEmpty()) { /+ Precondition Violated x/ }
else { result = datalt]; /Adat
return result;

}

o) med S
s, wsteated  foySeesk
N f:.smaecP Zml’%d&ﬂbfc

THH

}
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Algorithm using Stack: Reversing an Array
Sa — N
ot fh[

Pu;tlaiggt>atic void reverse (J | 1 ‘a/e(

[1 a) {
buffer = new ArrayStack<ﬁ§iﬁ; X

for (int i = 0; i < a.length; i ++)S{ YBIQ/Q(._[“AIM’, uwm'krt$>

buffer.push(alil); —
SergC ]

WW(€2%9%3>

or (int i = 0; i < a.length; 1 ++) {
alil = buffer.popl();

@Test

public void testReverseViaStack() {
String names = {"Alan", "Mark", "Tom"};
String[] expectedReverseOfNames = {"Tom", "Mark", "Alan"};
StackUtilities.reverse(names) ;
assertArrayEquals (expectedReverseOfNames, (names) ;

Integer ] numbers = {46, 23, 68};

Integer|[] expectedReverseOfNumbers= {68, 23, 46};
StackUtilities.reverse (numbers) ;

ssertArrayEquals (expectedReverseOfNumbers, | numbers) ;




Algorithm using Stack: Matching Delimiters

: : , : ) openings
public static boolean isMatched(String expression) { 01 2-
final String opening = " ([{"; N ;.( E{«. /E
final String closing = ")1}"; mg‘ ) 3 3.. ;
Stack<Character> openings = new LinkedStack<Character>();. 2

int i = 0; . ) -}\GMJF\W T 7 /) i
boolean foundError = false; / Ez& ll L7 l APtk

while (! foundError && i < expressi.on.length()) {
char ¢ = expression.charAt(i);

if (opening.index0Of(c) != -1) { openings. push(c) ‘
{‘ l/else if (closing.indexOf((c) != —19—-&—% C ‘48’

if (openings.isEmpty()) { foundError = true;

07” else {
if)(opening.indexOf(openings.tOP()) == closing.indexOf(c)) {
openings.pop ();
} ==0
else { foundError = true; openings

» Lédv&{j@ "Hf“a %tﬂg .

1 ¥hj public void testMatchingDelimiters() {
} assertTrue (StackUtilities.isMatched(""
return !foundError && Openlngs isEmpty () ; assertTrue (StackUtilities.isMatched ("{

= assertFalse(StackUtllltles isMatched
4&\ / assertFalse (StackUtilities.isMatched




Algorithm using Stack: Calculating Postfix Expressions
St d=20| ¢

Sketch of Algorithm

o When input is an operand (i.e., a number), push it to the stack.
o When input is an operator, obtain its two operands by popping
off the stack twice, evaluate, then push the result back to stack.

o When finishing reading the input, there should be only one
number left in the stack.

Input 1:

Input 2: //"4;
Input 3: + >
Inpt/x;)l:(54+6| =5+46 4. o5 N

‘i ‘ MEA A =G - *&@
£ (Ww#wza«toyem’s)
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new queue

enqueue(5)

enqueue(_?:)

enqueu 2
i

dequetie=




Implementing the Queue ADT in Java: Architecture

public interface Queue< E > {
public int size();
public boolean isEmpty();
public E first();
public void enqueue( E e);
public E dequeue();

implements implements

ArrayQueue(E) | CircularArrayQueue(E) | LinkedQueue(E)



Implementing the Queue ADT using an Array dﬁt&) Y

C—

public class ArrayQueue<E> implements Queue<E> { Y 4q
private final int MAX CAPACITY = 1000;
private E[] data;
private dint r; /* rear index x*/
public ArrayQueue() {
= data = (E[]) new Object [MAX CAPACITY];
o B = =15
}
- public int size() { return (r + 1); (l)

. public boolean isEmEtz() { return (r == =1.) } OC[)
- public E first() {

if (isEmpty()) { / recond:LtJ.on Violated =/ } M)

else { return dat f
) -ko/‘ ng

public void engueue(E e)
|if (size() == MAX_ CAPACITY) /+ Precondition Violated x/

}else T % atalzl — e} 0(() P #75’ f/ﬂ)

public E dequeue() { k
« if (isEmpty()) { /+ Precondition Violated x*/ } O(A
else { [ ) #"t

E result = data[0];
for (int i = 0; i < r; 1 ++) { datali
datalr] = null; r —--; L, ‘a )

return result;




Implementing_the Queue ADT using a SLL

Sy
public class LinkedQueue<E> implements Queue<E> ({ D use Sl msiad
private SinglyLinkedList<E> 1list; @!Ke W #

Singly-Linked List Method
‘ueueiiethod Strategy 1 Strategy 2
size list.size
isSEmpty list.isEmpty
first list.first list.last
enqueue list.addLast list.addFirst
dequeue list.removeFirst | list.removelast

Strategy 1

GglyLinkedList
head

2

Strategy 2




Stack ADT: Testing Alternative Implementations

@Test

public void testPolymorphicQéeues () {
Queue<String> g new ArrayQueue<> () ;
g.enqueue|"Alan")|; /# dyna;nic binding */
asrenqueue | "Mark" /* dynamic binding */

implements,

ArrayQueue(E) | CircularArrayQueue(E) | LinkedQueue(E)

Ne e

public class ArrayQueue<E> implements Queue<E> { g.enqueue|"Ton")); /# dynamic binding =/
private final int MAX_CAPACITY = 1000; assertTrue (q.sifze() == 3 && !q.isEmpty());
private E[] data; , assertEquals lan", qg.first());
private int r = -1; /x rear index x/ W
public ArrayQueue() { 8 “
data = (E[]) new Object [MAX CAPACITY]; g(=)new LinkedQueue> () ;
}r =1 glenqueue["Alan"); /* dynamic binding =/
public int size() { return (r + 1); } qg. enqueue :"Mark"); /* dynamlc blndlng */
public boolean isEmpty() { return (r == -1); } gJenqueue|"Ton"); /# dynamic binding */
public & #izsell i assertTrue (q.size() == 3 && !q.isEmpt ;
if (isEmpty()) { /* Precondition Violated */ } (Q"’ (l x i PEV (1§
else { return data[0]; } assertEquals ("Alan", g.first());
} }
public void enqueue(E e) {
if (size() == MAX _CAPACITY) { /* Precondition Violated x/ }

else { r ++; datalr] = e; }
}
public E dequeue() {

if (isEmpty()) { /* Precondition Violated */ }

else {
E result = datal0];
for (int i = 0; i < r; 1 ++) { datal[i]l = datal[i + 11; }
datalr] = null; r ——;

return result;
}
}
}



Lecture 3
Part D

Queue ADT -

First In First Out (FIFO)
Implementations in Java
(continued)



o moqh'o

ueue

$® oF-?JNQ Vs. S of &
Implementing the

L ey —¢cal (vio vestead)>

T using_ a

Assume: A circular array of length 4.

Circular Array

2. fexdle for

Phase 0: Empty Queue q
0 1 2 3

d“’“‘&t i{ BA(NA AT Y==-P !

Phase 1: lenqueue|3 elements 3

¥4
,qugswﬁw 0.

rE ‘: s W
doto L =vl(3 -}{\ﬂ-\-;
dequeue| 2 times

tom

Phase 2:

(%4
enqueue| 2 elements 9

oatzlv]= s a3
1. T

Phase 3:

SR : Y>ﬂ

>t

v

7

C

S=f

Y?(\Z&Q%u

&) -
Y

vV

Y

Z
tom
yi -r'iliii ata / '
»: Y&
$\+ S E .P

/”;;



Lecture 3
Part E
Implementing Stack and Queue -

Dynamic Arrays:
Const. Increments vs. Doubling



ot RT/# os

Amortized

Analysis: Dynamic Array with Const. Increments

public class ArraySt k<E> i

private int I; ‘h
private int C; L
private int capacity;
private E[] data;
public ArrayStack() {

O©CoONOOOPDWN =

capacity = I;
data = (E[]) new Object [capacity];
&t = =1;

void push(E e) {
(size() == capacity) {
4 resizing by a. tixed constant
E[] temp =
for(int i = 0; i < capacity; i ++)
temp[i] = datalil;
}
data = temp;
capacity = capacity + C

# T+ (k-

if

0w

W.L.0.G, assume: n pushes

and the last push triggers the last resizing routine.

Fch. Bg. (i+lize—
= Qal -l-ﬁ;) K

I = 1000; /* arbitrary initial size */
C = 500; /#* arbitrary fixed increment

3

VA
(E[]) new Object[capacity + C];

{

akini’rial array: |

st resizing:

T -

o/ 2nd resizing: I Jcje) I+C-
o:: 3rd resizing: I Jclcle) 1+27¢
at &1 n_ \ﬂ
Last resizing: I cicicj---

T+0( T+1C
+

¥ I-t-(k—l_) C

¢t chl ';'d

(T (T2 )+ - -~ +§Q

th

Amortized/

Average RT:

060

02

wtal R




Deriving the Sum of a Geometric Sequence

Initial Term: I
Common Factor:(r)
Number of Terms: k

0

T-¥
QK 2@* Ty + Iy« Iy« -t IV
Tt 2d ol ko

v Se= Ty + T+ Ty's - *I-YHJrI.Y“

(=0-G = T - T = I (#-1) > G =L0D




21

dia- kel RT/4 op.

=Y > X=Lgtt

Amo\*hzed

Analysis: Dynamic Array with

oubhnq

public class ArrayStack<E> implements Stack<E> {
private int I;
private int capacity;
private E[] data;

Gim & .
bk =

arbitrary initial siz® /

public ArrayStack() {
I = 1000; /~*
capacity = I;
data = (E[])
& = =il

new Object [capacity];

A
Bl

ﬁz% } - X

public void push(E e) {
|if (size() == capacity) |(
* reslzling by doubling */

E[] temp = (E[]) new Object[capacity * 2];

for(int 1 = 0; 1 < capacity; 1 ++) {

= datalil;

10

temp[i]

data = temp;
capacity = capacity » 2

W.L.O.G, assume: n pushes

and the last push triggers the last resizing routine. (JA)

I$ Dtt(

2%9 25_& Last resuzmg I[1]---]1

initial array: |1

2 1st resizing:

2nd resizing: (I
- N
$ St o S et et B

Z— |
=T (2 2-D):=2-1 7

Amortized/
Average

(7\)=
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Examples on Recursion
Binary Search



Binary Search: Ideas 1PAD

eLANNING

Precondition: Array sorted in non-descending order

£V n : fJJ
1) -
L 1003 7N 0.\@“9" etm‘}'
0 t .

T
b X
a ]
R :
A2 OFYlQ 5% Does ke}@ems’r in array a? E v
1‘— @ \fee[? o) o widolp oF the
2 W

y 1‘3’4 soevth_spot? ( hobed aaok )

]
[ |4 w0 ¢ o erel @Zowcn ﬂe : K&, 2
1 Koaw on  the &kt K>m




Binary Search in Java

—

boolean binarySearch(int[] sorted, int key) {
return binarySearchH(sorted, 0, sorted.length - 1, key);
}
boolean binarySearchH(int[] sorted, |int from, int' to, int key) {
if { /+ base case 1: empty range */
return false; }
else Wem { /* base case 2: range of one element =*/

return sorted|Zfrom] == key; }
else { . . A
int middle = (from + to) / 2; M
int middleValue = sorted[middle]; e
E if (key < middleValue) { 7 w‘
return binarySearchH(sorted,| from, middle - 1Y key);

}
else if (ke middleValue) {

return binarySearchH(sorted, middle + 1, to} key);
}

else { return true;

}




Binary Search: Tracing

4@
01230GBO 78 ;eaf["@
a 31619 112015818121 24|27 4V
T vl s
W\\ksearchgaﬁ@;a, vfﬁﬁ (0/32=‘l'
i | @F i E
90 "3

* 1&“'\ binarySearchH(g

' |

L e

012 3 456 738

GA3 619 |12]15]18])21)24)27

search(a,7)

brese |

, a binarySearchH(a,0,8,7)

binarySearchH(a,0,3,7)

binarySearchH(a,2,3,7)

binarySearchH(a,2,1,7)



Running Time: Ideas Kopusone Kelptin

1 @boolean allPositive(int[] a) { return allPosH (a, , a.length - 1);
2 boolea,n_a_L_L&;j)H (int[] a, @nt from, int to) {
3 if (from >_t { return true; }0([)
4 else if(|fzom == to} { return a[from] > 0; }0&) pd
5 { return al[from] > 0 && allPosH (a, {from + l,( to ;
3 0 T =
Base Case: xo & =(g)
Empty Array ol ol [4 9%1 hes () wadas
3 >xo 1
>4 T =y
Base Case: %@‘ =-(.-:-_)

Array of Size 1 il e 3,’3] ims pr -

Recursive Case: %O &
Array of size > 1 . '




Running Time: |Unfolding|Recurrence Relation
T(0) = 1

— YQO“Y{W
T(1) =1 velptin L

i o vedusce Laith.
T(n) =T(n - 1) + 1 pbicr| o Dia T

e = 1D & ‘); < TM)"‘ (ﬂ") +
= [T(&=D-1) gl |l = A
= P O

o—

T(@-2)-Dgl| #t €1
Vi

_ = ﬁ%ﬁ%g
T | ] --- + (] (n-D WORK OUT

U

Rl!



Binary Search: Running Time

Running Time as a
boolean binarySearch(int[] sorted, int key) { o
return binarySearchH(sorted, 0, sorted.length - 1, key); Recurrence Relaflon

}
boolean binarySearchH(int|[] sorted, int from, int to, int key) {
if (from > to) { /* base case 1: empty range */

return” false; } |
else if (from == to) T /* base case 2: range of one element x/

return sorted[from] == key; } OC(}
else { =
int middle = (from + to) / 2;
int middleValue = sorted[middle];
if (key < middleValue) {
return binarySearchH(sorted, from, middle - 1, key);

else if (key > middleValue) {
return binarySearchH(sorted, middle + 1, to, key);
}

else { return true; }

} 7

}
cro™ % o \e %

sorted




Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) =1

—t—|+(-~ + |
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General Trees
Terminology, Applications



SinglyLinkedList Node Node Nod
head | element “Ala. lement M. element
t t ext
header
— " Node<E> null Node<E> Alan Node<E> ark Node<E> Node<E> null
element] ~— clement] — element] —} clement] —} element]l —V
null frext Z next 7 next 4 next ] next A E null
S——-+= previie. -t prev 4 prev d prev - prev = trailer

-

TN A f,,,s,»fﬂ ;fw@ Obeet

A oot | {Fanean
“b 13 }{e(?’,,.w“ ¢




destmdm\ﬁs t ol 751? BAf(ve
General Trees: Termmo/ gy (1) 4“3’2 ?P

4 &rﬂm ° - parent

- children

( Ernesto ) wc* Chris ), - rancestors
(o, "
) ,Yff»/‘ .,ue - descendants
4 B . .
( Elsa) 4/3 Anna | LR

: l)"(i“x v M s "P Se
 Shirley (1) >M§\ (peter) 5h-«ley efsa;%drrg

ol
O & pavet we%] > thes dnteadots. £ ek

Lhis % l74v ek OF L—k&’\ FAVM{' oﬁ X ek&‘, ¢h Nlﬂ VadP4R |
VENESA er/



z &,
General Trees: Terminology (2) g X ;.41,'4“‘}{

- subtree

| 2o ] abtrees?
Ly bt 4 voole




General Trees: Terminology (3)

- external nodes (&)
- internal nodes (2

VI__.__Q__t_ VIl e
aF the el

Ernesto

| Shirley Vanessa Peter '
Lo 1| O



- edge

- path

—«depth — 3 24F
- height ’ﬁ""‘ vock




General Trees: Recursive Definition

yoot —= |8l
$ = |

[ 3 (Rowwe (o2) sz 5|
AR e T ! et

0 31 2

cld?( ’ & Y?wrﬁ-f(y, 4 10

(wel,2,2)

ﬁﬂ 2uee voted o voot Odbenl(]




General Trees: Ordered vs. Unordered Trees

References)

cs016/

/user/rt/courses/

homeworksq programsq

cs252/

pri | | pr2

I

3

projects/

papers/ \

grades

demos/

buylow

sellhigh

market
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General Trees
Implementing a Generic Tree in Java



Generic, General Tree Nodes Teo ez

public class |TreeNode<E>

4|
private E element; /% data object = % .
private TreeNode<E> parent; /* unique parent node */

privateITreeNode<E>|] children; /x list of child nodes x*/ M

private final int MAX NUM CHILDREN = 10; /+ fixed max */
private int noc; /* number of child nodes */

public

)
this.element = element; : “ P 2
this.parent = null;
this.children = (TreeNode<E>[])
Array.newlnstance (th:l.s getClass (), MAX NUM _CHILDREN)

}th:l.s.noc = 0 mu@dg->

public
public
public

public
public
public
public

TreeNode (E element) { i

i i?
iy

E getElement ()

TreeNode<E> getParent() i e M(M

TreeNode<E>[] getChildren() {

void setElement (E element) { ... } Compare:
void setParent (TreeNode<E> parent) { ...
void addChild(TreeNode<E> child) { ... + prev ref.
void removeChildAt (int 1) { ... }

+ next ref.

in a DLN.




Tracing: Constructing a Tree

@Test

public void test_general_trees_construction() {
Treerde<Strfng> agnarr = new TreeNoddE}("Agﬁarr"z;
TreeNode<String> elsa = new TreeNode<> ("Elsa"
TreeNode<String> anna = new TreeNode<> ("Anna'");

agnarr. addChlld(elsa),
agnarr. addChlld(anna)
elsa.setParent (agnarr) ;

anna.setParent (agnarr) ; A/Aga

assertNull (agnarr.getParent ()
assertTrue|(agnarr == elsa. getParent()
(
(

assertTrue|(agnarr == anna.getParent ()

assertTrue agnarr.getChiIdren()t__
assertTrue (agnarr.getChildren()

assertTrue (agnarr.getChildren (




Tracing: Computing a Nodes Depth deflh(rmﬂxsa.

public _int depth (TreeNode<E> n) {
if(ln.getParent() == nulﬂ) {
return O-PJ$ N & the veot

}

else { f—f"“ @«‘w

Ernesto
return +| depth (n.getParent () : B
é\ﬂd@f “W.A Vanessa faet
I I I I I | | | I Y"“I'l I

eTest depth(vanessa)

public void test_general_trees_depths() {

1}

. /* constructing a tree as shown above #*/
assertEquals (1,
.depth(elsa));
assertEquals (3, u.depth (vanessa) — = N

TreeUtilities<String> u = new TreeUtilities<>(); Z + Aerth ( el;a)
assertEquals (0, u.depth(david));
assertEquals (1, u.depth(ernesto));

u.depth (chris)); z + Z + dew-h ([‘hy]j‘)
assertEquals (2, u
assertEquals (2, u.depth(anna)); W‘A}
assertEquals (3, u.depth(shirley) ) ; MM

u

u.depth (peter)) @

assertEquals (3,



Tracing: Computing a Trees Height

}

public int heizht(Treerde<E> n)

Tr <E>T] A
1t children.length ==

else {

{
children = n. getChildren();
{ return 0;

(S etrol Clkép .)

i < children.length; 1

Ernesto

int max = 0;

for (int 1 ++

0;

1

int h = 1 + height(children[i]);
max = h > max ? h : max; bg,rd., {mll

Shirley

return max;

@Test
public void test_general_ trees_heights() {
. /# constructing a tree as shown above #*/
TreeUtilities<String> u = new TreeUtilities<>();

height(chris)

/* internal nodes

assertEquals Ul
assertEquals Wl
( u.height (elsa));

*/
.height (ernesto)) \@W‘P

.height (anna)) ;
.height (shirley));
.height (vanessa)) ;
.height (peter)) ;

assertEquals
/* external nodes
assertEquals (0, u
assertEquals (0,
assertEquals (0,
assertEquals (0,
assertEquals (0,

u
u
u
u

*/
height (david)) ;
height (chris)) ;

7+ Her (i f_«mg

Z+MA7( l+ll _)

z 2
@

—— -
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Definition, Terminology, Properties



Binary Trees: Recursive Definition

M: O/E-le‘i gT
¢ = |

voot ~—>[ 2

e 1 Bl alaw.w N & Bl chold Le vetusiv®
$L=0 (s thet a Bl sl o 1eousie

¢ yodt ~> v l\aééé: T4 oF Bl > |

vt <7 L
7Y
:




BT Terminology: LST vs. RST

A Strategy of Recursion on BT:
Md + Do something on root
BL + Recur on LST
%BR d(l"\ lé& + Recur on RST

D Elf;‘/F G +w

+ searchinqg item

(1 [y giee (8) = |+ se(laded
4 Seeq)=1 + &z QQ.YC_)

eﬁ “dl ‘,pdu\t] il R «0‘1 2ath ( R o) = {). egwkﬁem) 1|

e (e gon) |
a O_Lw';'"‘( ®92pnvth (4 vc, )



BT Terminology: Depths, Levels, Max # of Nodes

Mo 3 Aok ot Jasel 7
1=

Y

1xfZ12-2
2+ 2
UR Q= p-2




BT Terminology: Complete vs. Full BTs

h=3 A olzﬂ h=3 =0
L
gt B c] d=(h2 c ol= |
/\ /\
D| [E F| [G]d=2 h-| D _IIE\ /||=_ Gl o2 h)
!—I-{!_J =3 b pin k] [Cm] N][o] o> h
h h
..... e ——=
1 < A oo > K o

) ) A - D | |
Min # nodes? (1+244--t2 H+|=2 Min # nodes? I_OL ' iy +l
Max # nodes? (|+Z¢l -t 2'4)“’2“-'@‘—‘ : ;\/\ax # nodes? 2¢2 f 5 '




BT Properties: Bounding # of Nodes
720
Given a binary tree with heigh@the number of nodes n is
bounded as:

he1 <(n)<[2™ =1

For sample sy h =) Fidead 5-!

I
I

Minimum # of nodes Maximum # of nodes

yok
o&’Yﬂh : 4“!{
p b h 3
L é zﬂf{,{vﬂlﬁ) —/.Q




BT Properties: Bounding Height of Tree

-0

Given a binary tree with(mnodes, the height h is bounded as:

log(n+1)—1

For example, say n =(7,

Minimum_height

( browh axt fwo 4 whetaes

N+| =
—:_ %G’U—\) h‘l‘ \

H A ¢ beach: «% Fu0 "”ff‘>
éég; (%<7+:>>~1 A= 'z"”‘ | | o) nel

<(H<n-1

Maximum height

JJe) ( ot wcf()

cseﬁ"f



BT Properties: Bounding # of External Nodes
W/
Given a binary tree with heigh@ the number of external
nodes ng is bounded as: %E

1<(p<2"
For example, say h =@3)

Minimum # of Maximum # of
External Nodes External Nodes

ok
oﬂm bb 9
“h
@
b S




BT Properties: Bounding_# of Internal Nodes

0
Given a binary tree with height(h)the number of internal
nodes n; is bounded as: )/l

hs@s2”—1
‘ Ped e P (&
For example, say h =(3 A el e e S
5 2“ M\Nolef

Minimum # of Maximum # of
Internal Nodes Internal Nodes




Lecture 5a
Part C
Binary Trees

Definition, Terminology, Properties
(continued)



BT Properties: Relating #s of Ext. and Int. Nodes

Given a binary tree that is: Induction on Size of Proper BT

/ W/
o nonempty and proper * 745 = ’4& + | REX,IE /
o with n, internal nodes and ng external nodes - '1’50 d h/ Pd"s —~
We can then expect that: | ng = nj + 1 Q’/II +0)+1
= A+ |

%@&e%mﬂwm AL

u g“mr%% s serfed

( wethouf viobfan witvex)
%ﬁe, Eew«sae 0‘59
}ﬁmww Bese ]
. ‘= NMe-1+2 =V +|
= ‘ @ Az '+l

A
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Binary Trees
Applications



Applications of General Trees: Assurance Cases

"

Research on “Assurance Cases” if interested! _—

it Cim1 _ Neet
Source Document: The system of systems This diagram focuses
CJCSI6212.01E supports Net-Centric on mms:“;d;"e' KER
military operations Salisiacion -— . .
i c Sub-claim 1 Sub-claim 2
=
| CImé <
N le assumed m:ns ome The SoS is able to The 505'6"“,%““”
iardware componer i i
o1 the network oan be. 4 The S8 Is able to fochargs daiting provides sunvivable, Sub-claim 3 Sub-claim 4
B ignored in this enter and be managed enhance mission interoperable, secure, and
peh it Ptk o operationally effective
effectiveness information exchanges
A
| Cims Cim7 Cim14
‘The SoS network The security The SoS
Ccim3 management software is requirements (e.g., data Cimi1 information
The SoS network able o establish, control, security,information The SoS supports exchanges occur
conforms 1o the and terminate assurance, access information exchanges within prescribed -
B relevant standards connections to the control)for the SoS are timelines
network met

EV16

Formally
Cima racked
B The SoS Ev ey i risks |
5 m9 im10 Eviz
communications Resuls of Security Security Verificationkvalidation Cim12 Results of cimis Evi4 Evi5
software and protocol Evd preliminary requirements are components within of SoS security Information to be preliminary Timeli Reaults of Modeling
stack conform o the Architecture field tests identiied the design are features is exchanged is okl tote e g preliminary &
B relevant standards evaluation and adequately across consistent across adequately planned defined and field tests simulation :
resuts experiments the S0S the SoS and resourced ... . restits

EVi3

B Ev Eve Evit 1
Evi Test Requirements Ev7 ee Ew Requirements “Bﬂ‘l“";”‘ems
Architecture plans/results database Architecture Achieckis. Test database aiabase
documents rolated to I and evauation plans and Showing applicable
| standards security design descriptions. information ‘P" - i
compliance requirements documents ransfers. imelines

er/2009._019_001_29066

Source: h

pdf



Applications of Binary Trees: Infix Notation 1L Mg{
OF

%ﬁ{@ | B

Q. Is the binary tree necessarily proper?
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General Tree Traversals: Pre-Order vs. Post-Order

Pre-Order Traversal Post-Order Traversal
<From the Root from the Root
Toowt,  wo-ovdse C ol v '}175{‘-040(9/( ool webs , “Yavent

Vaidl | |Eyesto 0% QAMM—E‘VM& E«mlgmﬁ‘@ﬁmm




TRAVEL THE WORLD

Binary Tree Traversals ﬁ%ﬁ

&Py
Pre-Order Traversal e Y

o o

eifeTs oh=TeoF s <vdp

In-Order Traversal

T0-0der (28T Tavert  Tn-Oecla(RCTD

B+ @3 F-c@2=po -4

Post-Order Traversal

0
&)
(=)

©)
N

A
N\g
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Binary Search Tree -
Definition and Property



Binary Search Trees: Recursive Definition

- external node
== || - infernal node
+ LST
+ RST

\ Y
" 7ol
i 2
\(lx ° XG‘ ¢?fo) Node p stores
(key(p), [value(p))

node n of LST
is such that

key(nYSkey(p)

e\ Dol T,
kev((>Key(o) aeh g 7 (WA
(s




Binary Search Trees: Sorting Property

- BST: Non-Linear Structure
- In-Order Traversal

w-oder of RS
8 (2 X9 32|@) ¢y L 7 o 8288 B 17|

a-onler o/ zg[

Node p stores
(key(p), value(p))

Each Each
node n of LST node n of RST
is such that is such that

key(n) < key(p) key(n) > key(p)




Lecture 5b

Part B

Binary Search Trees -
Implementing a Generic BST in Java

Tree Construction and Traversal



Generic, Binary Tree Nodes

public class BSTNode<E> ({ /

private int key; /x key */ {
private E value; /+ value */ g
private BSTNode<E> parent; /+ unique parent node %/ S

private BSTNode<E> left; /+ left child node */
private BSTNode<E> right; /+ right child node x/

\
public BSTNode() { ... } \.-mh{'
public BSTNode (int key, E value) { ... N d._
public boolean isExternal() {
return this.getLeft () == null && this.getRight() == null;
} et

public boolean isInternal() { /’ $

return !this.isExternal();

} vio braghz

public int getKey() { ... } /
public void setKey(int key) { ... -_—; ’m
public E getValue() { ... } ,Lew'f

public void setValue(E value) { ... }

public BSTNode<E> getParent() { ... } .
public void setParent (BSTNode<E> parent) { ... Compare°
public BSTNode<E> getLeft() { ... }

public void setLeft (BSTNode<E> left) { ... + prev ref.
public BSTNode<E> getRight() { ... }

public void setRight (BSTNode<E> right) { ... + ne)(‘i' ref,

in a DLN.




Generic, Binary Tree Nodes - Traversal

import java.util.ArrayList;
public class BSTUtilities<E> {
j BSTNode<E>> inOrderTraversal (BSTNode<E> root) {
A rayLlst<BSTNode<E>> result = null

A £ (root.isInternal()) I{ 9 ¢$E l
result = new ArrayLlst<>() IAM m M“lﬂ

if (root.getLeft () .isInternal) {
result addAll (1nOrderTraversal (root etLeft () )) g

AMMJE“Q He ve{w/l Vo4l {:

result.add(root) ;

if (root.getRight () .isInternal) {
result.addAll(inOrderTraversal (root.getRight()));
}
}
return result;
}
}

Lreri® - Wﬂe & Bgvdaleébf ]

2. &lIAlode <E>




Tracing: Constructing and Traversing a BST

@Test Parenf b
public void test binary search trees_construction() { \-)Iieyg’ value =+ %My
BSTNode<String> n28 = new BSTNode<>(28, "alan"); ,M ﬂ)' left right M
BSTNode<String> n2l = new BSTNode<> (21, "mark"); [ J” o R
BSTNode<String> n35 = new BSTNode<>(35, "topg"): N RUIVAL v
BSTNode<String> extNl = new BSTNode<>(); parent arent
BSTNode<String> extN2 = new BSTNode<> (); key 2] |value =N key3{ |value —
BSTNode<String> extN3 = new BSTNode<> () ; righty I;‘,,k left , |right
BSTNode<String> extN4 = new BSTNode<>(); U ) 4
n28.setLeft (n2l1);.n2l.setParent (n28) ; ( ]
n28.setRight(2§§)p n35.setParent (n28) ; éa‘
n2l.setLeft (extNl); extNl.setParent (n2l);
n2l.setRight (extN2); extN2.setParent (n2l);
nSSRseEeREHIEXENS) ; ‘SxENSNseFRaEenEnSO)N; BMI‘
n35.setRight (extN4); extN4.setParent (n35);
BSTUtilities<String> u = new BSTUtilities<> (
ArrayList<BSTNode<String>> inOrderList = u. 1nOrderTra ersal (n28);
assertTrue (ipQrderList.size() == 3);
assertEquals|(21,] inOrderList.get (0) .getKey());

assertEquals|("malrk", inOrderList.get(0). getvalue()),
assertEquals|(28,] inOrderList.get (1) .getKey());
assertEquals|("allhn", inOrderList.get(l). getvalue()),yn* et
assertEquals|(35, inOrderList get(2) getKey());

assertEquals



Lecture 5b
Part C
Binary Search Trees -

Implementing a Generic BST in Java
Searching



BST Operation: Searching a Key e e




Tracing: Searching_through a BST

@Test

public void test_binary_search trees_search() {
BSTNode<String> n28 = new BSTNode<>(28, "alan");
BSTNode<String> 22; = new BSTNode<> (21, "mark");
BSTNode<String> 2££_= new BSTNode<> (35, "tom");
BSTNode<String> extNl = new BSTNode<>();
BSTNode<String> extNZ = new BSTNode<>();
BSTNode<String> extN3 = new BSTNode<> () ;
BSTNode<String> extN4 = new BSTNode<> ()
n28.setLeft(n2l1); n2l.setParent(n28);
n28.setRight (n35); n35.setParent (n28);
n2l.setLeft (extNl); extNl.setParent (n2l);
n2l.setRight (extN2); extN2.setParent(n2l);
n35.setLeft (extN3); extN3.setParent (n35);
n35.setRight (extN4); extN4.setParent (n35);

[

BSTUtilities<String> u = new BSTUtilities<>();

/* search qee==yi Vs *

assertTrue|[n28|== u.search(n28, 28));
assertTrue|n2]l |== u.search(n28, 21));
assertTrue|n35|== u.search(n28, 35));

/* search non—existing keys =*/
assertTrye (extNl = u.search(n28, ; *17+ < 21

assertTrt = u.search(n28, ; 21 < #23%

(
assertTrye (extN3 .search(n28 28 < *33«%
(

assertTrte = 35 < x38#




public BSTNode<E> search (BSTNode<E>
BSTNode<E> result = null Ml

if 'p 1sExternal( Ib JJP
result = p successful search */

} MI
else if|p.getKey() == k| { Wﬁde

result =(p; * successful seg */
}
else if(k < p.getKey()) {
result = search(p.getLeft(), k);

%&X

Y, o e BT % tll-boh
(= = Ti tevet TP d
“— ime Op(elg eve

plse if(k > p.getKey()) {
result = search(p.getRight (), k);
}

return result;

Total time: O(h)



Binary Search: Non-Linear vs. Linear Structures

0 "1V 23 4 5 6 8 9 10 11112 13 14
[ 8 ]17]21]28|29|32]44|54]65|76]80]82]|88]93]97




Lecture 5b
Part D
Binary Search Trees -

Implementing a Generic BST in Java
Insertion



Vlsuallzmq BST Operahon Insertion

Insert Entry @ ‘@ 4 M‘,‘%) OO’}\?W?K \

Insert Entry ' yuna”)




Lecture 5b
Part E
Binary Search Trees -

Implementing a Generic BST in Java
Deletion



Visualizing BST Operation: Deletion




Visualizing BST Operation: Deletion In -Ovo@ffmwl®
Case 4.1: Delete Entry with Key 1:7- )M;'
If o 1. uﬂ

Case 4.2: Delete Entry wn’rh Key 88




Lecture 4
Part C

Examples on Recursion
Merge Sort



Merge Sort: Ideas

Solt

0
st

sot(

) #t( R D,

1 vesds @ Huo ol sullsts

SK
Jnaae hofocfeo(ﬂbhﬁ‘
sovte

\PAD
PLANNING



Merge Sort in Java

public List<Integer> sort (List<Integer> list)
List<Integer> sortedList;

{

Lo Co®S

o
6\3‘

A
//\T

if(list.size() == 0) { sortedList

else if(list.size() == 1) {
sortedList new ArrayList<>();
sortedList.add(list.get (0));

}

new ArrayList<>(); }

else {
int middle
List<Integer>
List<Integer>
List<Integer>
List<Integer>
sortedList

}

return sortedList;

/ 2;
list.subList (0,
list.subList (middle,
sort (left) ;

sort (right) ;

list.size()
left
right
sortedLeft
sortedRight
merge (sortedLeft,

23 velo
26 | 45| 63| 85
Ieff 2 s
0 ¥ 2 3 L ok Z
right 7L 31 | 50 | 9

middle) ;
list.size());

sortedRight) ;

list ﬁﬁt
| Ls | R |
| 2od veuesely
sot([_ L D&(_ & 1)
1 vesds 71 oo sotel - sllets
(A | | SK_ 1]
Jmaaewfam(wlm
I sortel] |
/* Assumption: L and R are both already sorted. x*/

private List<Integer> merge(List<Integer>‘& IJst<Integer>JQ {
List<Integer> merge new ArrayList<>();
if(L.isEmpty() | |R.isEmpty()) { merge.addAll(L); merge.addAll(R); }

else {
int i = 0;
int j = 0;

while (i < L.size() && j < R.size()) {

if (L.get (i) <= R.get (j)) { merge.add(L.get(i)); i ++; }
else { merge.add(R.get(j)); j ++; }
}
/* If 1 >= L.size(), then this for loop is skipped. */
for(int k = i; k < L.size(); k ++) { merge.add(L.get(k)); }
/* If j >= R.size(), then this for loop is skipped. */
for(int k = j; k < R.size(); k ++) { merge.add(R.get(k)); }

}

return merge;

}




—> split

Merge Sort: Tracing > merge
- - -
( 85 24 63 45 17 50 )
_~ A \
,— ot~ -t - 4 ____,pg__\\' Ly 3]\\50""7
. 45— 45
""" p Ayl """"Z\""\"""

m / TX /T\ m L
CHRCHGRS 4



Lecture 5c
Part A

Balanced Binary Search Tree -
Motivation and Property



Worst-Case RT: BST with Linear Height

Example 1: Inser’red En’rrles with Decreasing Keys

400,75, 68, 60, 50, 1>
K

Example 2: Inser’red En’rrles with Increasing Keys

v, 80, €0, 68, 75, 100> M”ﬁ </

S~—
o

Example 3: Inserted Entries with In-Between Keys
<1, 100, 50, 75, 60, 68>

bt

h:— .
)




Balanced BST: Definition

- internal node  Given a node p, the height of the subtree rooted at p is:

height(p) = 0 if pis external
TP 11+ max ({ height(c) | parent (c) =p }) if pis internal

_ e ==L | - height
- height balance

. AJ z‘L
2 -J B |56i3| . A 17| 2..
2| 1]a:0 48| 2 771 1|M0h [s( @1
A iRk iSRS [PAS]
! \3‘ ¢:0 4.0 1d=o’

%{Pﬁfkcpﬁg &, e, &, 4l 0® %ol d:0

st
Q. Is ’rhe above| tree a bilanced BST?‘(g
Q. Still a balanced BST after inserting 557 ,\]O
Q. Still a balanced BST after mser’nnq@ (<Y




Restoring Balance via Rotations

7 : o
h+3 Y N\ h"'-z
g =
| (’Y s \h S | R hﬂ@ @l\m d:0
: AR e et 1w LY @rN Y

to the v {r\t d:0 h\

AAA

2 Towed L-MMW@ O baloea] 7

<T1~,C.s TZ,L,TS’ &37‘;" >@ @T v

Q. Is the above tree balanced?

Mer Rotption

Tn-Onder

@ same tontatt? Vo 0T, b, T, 4%

Q. After a right-rotation on node b, is the resulting tree still a BST?



Lecture 5c
Part B

Balanced Binary Search Tree -
Trinode Restructuring after Insertion



Trinode Restructuring after Insertion: Left Rotation

- Insert the following sequence of keys into an empty BST:
AR AR AR

y G4 17 78, 32, 50, 88, 955
- Insert 100 into the BST.

@ ¥ [b%e‘”"‘w
/ \ /N
2l W 2 wsd

JANAVIE AN/
137 41862 § 130
o® AVAWAY EAY
o8 8174 %1 o8 §

i WLt s R

U, b, L sleat b
Bolonl 7 T”O';;z,wmwm



Trinode Restructuring after Insertion: Right Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 78, 32, 50, 88, 48>

‘& - Insert 46)into the BST. o ¢ B
oA’ Yﬁh

(& e (2!97
/N By /N




Trinode Restructuring after Insertion: R-L Rotations

| - Insert the following sequence of keys into an empty BST:
<44, 17, 78, 32, 50, 88, 82, 95>




Trinode Restructuring after Insertion: L-R Rotations

- Insert the following sequence of keys into an empty BST:

@{Y\g«m@ <44, 17, 78, 32, 50, 88, 48, 62>
- Insert 54 into the BST. Exercise



Trinode Restructuring after Insertion: L-R Rotations

Solution
o4 v, - Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 48, 62>

TR
¢ Yl Tk

: N m%w/ %
\
PAYT L B



Lecture 5c
Part C

Balanced Binary Search Tree -
Trinode Restructuring after Deletion



Trinode Restructuring after Deletion: Single Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 62, 32, 50, 78, 48, 54, 88>
- Delete 32 from the BST. Exercise




Trinode Restructuring after Deletion: Single Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 62, 32, 50, 78, 48, 54, 88>
- Delete 32 from the BST.

R gt
@ /lll& 12 A Yat‘\f
R ey A _u
o@/}?_ % ‘.@2 X, 0 C Wfﬁb zlq/égaﬂ,\
oéa \1/0\ T1 / 0 \ /\1
ﬁ?om/ \ 4 %ﬁ% amy o
i Eéﬂ @‘%} 7. /@ a8 T aa




Trinode Restructuring after Deletion: Multiple Rotations

- Insert the following sequence of keys info an empty BST: _
<50, 25, 10, 30, 5, 15, 27, 1, 75, 60, 80, 55> 2
- Delete 80) from the BST.

@ S 1y ggg‘%T 2
“zs/ *\f/zz wzgf 042 %‘2 wzw% &
S Y S
‘lg: &Mé vy Nl A
AT v AR (LR LY
: i A0 TR
o/\g LR'MMIJ‘Z‘/ c/\O bala«wd77( 0‘4\8 L‘JM&C‘?'X o o 0




Lecture 4
Part C

Examples on Recursion
Merge Sort
(continued)



Merge Sort in Java

public List<Integer> sort(List<Integer> list) {
List<Integer> sortedList;

Lo Co®S

o
/IIS‘

&
//\T

if(list.size() == 0) { sortedList =
else if(list.size() == 1) {
sortedList = new ArrayList<>();

sortedList.add(list.get (0));

1

new ArrayList<>(); }

e

I A |
i;,.t,vew«dg,

else {
int middle =
List<Integer>
List<Integer>
List<Integer>
List<Integer>
sortedList =

}

return sortedList;

/ 2;
list.subList (0, middle);
list.subList (middle,
sort (left) ;
sort (right) ;

list.size()
left =
right =
sortedLeft =
sortedRight =
merge (sortedLeft,

else {
int i = 0; (A)#
0 1 2 3 0o int j = 0; HM Mfﬂ!égﬂ 22 Z
while (i < L.size() && 7 < R.size())
IeFf 124 45. 63 85 Z if (L.get (i) <= R.get(j)) { merge. add(L.get(l)), i ++;
Z M "wd else { merge.add(R.get(7)); J ++; }
0 1 2 3 }
x If i >= L.size(), then this for loo
r|ghf 17 31 50 96 for(int k = i; k < L.size(); k ++) {
/* If j >= R.size(), then this for Ilqop is %1(3}@51
for(int k = j; k < R.size(); k ++) {|lmerge.add(R.get(k

sortedRight) ;

merae 1112

sob(C_ 2 Dwt(_ % 1)

1 vesids 7 o sorel - et
A | [ SK |

Lisi.slzef])s | wote two st sublsts
| ot '

/* Assumption: L and R are both already sorted */

private List<Integer> merge (List<Integer> L, List<Integer> R)
List<Integer> merge = new ArrayList<>();

if(L.isEmpty() | |R.isEmpty())

{ merge.addAll(L); merge.addAll(R); }

{

570

zecuen nezoe () ) # Hontins
AW« () = Ls@ts+ Ry




Merge Sort: Tracing — > merge




public List<Integer> sort(List<Integer> list)
I, ist<Integer> sortedList;
if(list.size() == 0) |{ sortedList = new ArrayList
else 1f([/ist.size() == 1)] {

sortedList = new ArrayList<>(); 4a‘t

P sortedList.add(list.get(0)); {%}
}
else { / / 40‘

int middle = list.size() / 2;J a
List<Integer> left = list.subList(ff, middle); 174 I)
List<Integer> right = list.subListj(middle, list.size())
List<Integer> sortedLeft = sort(left)

Llst<Integer> sortedRight = sort(ri ht a/'
sortedList = merge (sortedLeft, sortedRJ.ght) )

{

}

return sortedList;

Merge Sort: Running Time g«ys%

Height Time per level

O(n)

Running Time as a
Recurrence Relation




Running Time: Unfolding Recurrence Relation

T(0) = 1
T(1) =1

T(n) =2 - T(n/2) + n
T = 2.[T(2) + 1

l__yl_: V] N=&
=T 2‘%8‘=8

- 22T+ 0 [8T6yr @]
= 2 (2-@THH+L +n [8T<@3+3M]

: pak] _zl

!

Aa»'l/l v/l+M3/l ﬁ

O(V‘ 4,(7 ) WORK OUT
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Examples on Recursion
Quick Sort



\PAD

Quick Sort: Ideas PLANNING

PRt rJecllg e wlag wle 4 the [zt B

N elpmonts
2l )
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Quick Sort in Java

public List<Integer> sort(List<Integer> list)

List<Integer> sortedList;

list »th ?pat

Lmemsar

if(list.size( { sortedLlst =

else if(list.size
Arra 1st<> );

new ArrayList<>(

sortedList.add(list.get(0));

104

Aﬂébww

—

al dpmerts > pret

sortedList = new
list.size() - 1;

else {
int plvotIndex =
int plvotvalue list.get (pivotIndex) ;
List<Integer> left =
1;ist<1nteger> right =
List<Integer> sortedLeft =

sort (left);

allLessThanOrEqualTo (pivotIndex,
allLargerThan (pivotIndex,

Fi ) ol R

)y O atl

J btsteantp

ot )

1list);
list);

~ /. Best 0

List<Integer> sortedRight -

sort (right)

sortedList = new ArrayList<

>();

M

s st.

fmt

sortedList.

sortedList.

addAll (sortedLeft) ;
add (pivotValue) ;

% IR - .

ye
eqnt

sortedList.addAll (sortedRight) ;

} s ILl<<

return sortedList;

} o |RI L
. \( U/

24| 63145 31196 \50

17

2924
QM:Llst<Integer> allLessThanOrEqualTo(int _pivotIndex, List<Integer> llSt)

——" 0N

List<Integer> sublist = new ArrayList<>();
int pivotValue = list.get(pivotIndex);
for(int i = 0; i < list.size(); 1 ++) {
int v = list.get(1);
if (i != pivotIndex && v <= pivotValue)
}
return sublist;
-} L ]
PList<Integer> alllargerThan(int_pivotIndex, List<Integer> list) ({
List<Integer> sublist = new ArrayList<>();

{ sublist.add(v); }

Gl g ] 1

3

int pivotValue = list.get(pivotIndex);
for(int i = 0; i < list.size(); 1 ++) {
int v = list.get(1);

agin 145| B b |

0w

if(i != pivotIndex && v > pivotValue)
}
return sublist;

}

{ sublist.add(v); }




: —> split
Quick Sort: Tracing J_dohdatenate

@ &)
1% y/ s \Jﬁ v

& 0T ,' &é’é%@:




Quick Sort: Worst-Case Running Time

Running Time as a
Recurrence Relation

.9

public List<Integer> sort(List<Integer> list)
List<Integer> sortedList;

eif(list.size() == 0) { sortedList = new ArrayList<>(); }

‘else if(list.size() == 1) {

sortedList = new ArrayList<>(); sortedList.add(list.get(0)); }

else

int pivotIndex = list.size() - 1; OLA)

int pivotValue = list.get (pivotIndex);

List<Integer> left = allLessThanOrEqualTo (pivotIndex, 1list)

List<Integer> right = alllLargerThan (pivotIndex, Jlist);
List<Integer> sortedLeft = sort(left);

List<Integer> sortedRight = sort(right);

sortedList = new ArrayList<>();

sortedList.addAll (sortedLeft) ; 1. Split using pivot x x
sortedList.add(pivotValue) ; T O l
sortedList.addAll (sortedRight) ; s — ( ) -

} ([ E=» ]

return sortedList; T( l) l

{

}

2. Recur 2.Recur ||

1 g | Ea/\) |

oA Y Treare: e L wal
oo S 2

3. Concatenate .




Quick Sort: Best-Case Running Time
v \] unning Time as a

{

public List<Integer> sort(List<Integer> list)

List<Integer> sortedList; ')
if(list.size() == 0) { sortedList = new ArrayList<>(); } Recurrence Relaflon
else if(list.size() == 1) { IEI _-—I

sortedList = new ArrayList<>(); sortedList.add(list.get(0));
else {
int pivotIndex = list.size() - 1;
int pivotValue = list.get (pivotIndex);
List<Integer> left = allLessThanOrEqualTo (pivotIndex, 1list)

List<Integer> right = allLargerThan (pivotIndex, list);
LIS TTINCEgeY > SO LeULEIt = SOIC IerC)

List<Integer> sortedRight = sort (right) ; ‘( “ ( ," i m

sortedList = new ArrayList<>();

sortedList.addAll (sortedLeft) ; 1. Split using pivot x x

sortedList.add(pivotValue) ;

sortedList.addAll (sortedRight) ; _ =
} ([ E=»

return sortedList;

} 2.Recur

w34

N/ j— A ’&g é'mtz/fzﬂf
g5 e B i |55

e | ey =
i Concuenzie ____§ LED " wz»mgm plly




Lecture 5d
Part A

Priority Queue -
Intro & List-Based Implementations



What is a Priority Queue (PQ)

NE Y%W TO'MKWP

.:L%»«éﬂ“ﬂﬂ&&?'-“i': m
":_I;I ' lnsert Ad?j‘ Vé/’ ﬁ\
) om| ﬂ & w&g/
\ L remove ”M[h
m 9, e3) e4) (1, e5) I (2, e6) } [MB;
uraf W

7””’7) [ | Frio 4. Mm

veme demyt

L Ta T8, wo votess of hont” o “o0l” £ thog. mle( °F VIsht W
2. Thelwerﬁehg'mlaecfdﬂmb th kgt potty .
L #e WO/ Witk He e }7 W ) 7/&‘ Jrty.

Entry with Highest Priority



List-Based Implementations of Priority Queue (PQ)

l List Method Az E‘[BIC&B
eﬂoﬂ PQ Method [ SgRTED CisT | [UNSORTED LiST]
vp‘e”( size o~ mﬁlst size O(1) ~ ,ekc f'
Wm o ISEMpty 1 40! ist.isEmpty O(1) 4-[ -4 AZ
5 min list.first v 0(1) [search m|n| O(n)
\V insert [ insert to “right” spot| O(n) insert to front o(1) %55 s ML'LE &

.\,AW removeMin list.removeFirst O(1) | search min and remove  O(n) AZNM t© ]Z'(?
A\

Approach 1: Sorted List e < kj (ot T wort nﬁram thon 34‘5'(7 J- D)
v

] F~Seee [ | - ,J Ao, | 1
v I 7 2 7
;‘f}ﬂ) vl) (ki, vi) (kj. vj) ko, vn)

¢

Ap roach 2: Unsorted List max
(Ka%fpéfry)
—~ g cee [ ] A e g | a

D

(k1, v1) (ki, vi) (kj, vj) (kn, vn)




Lecture 5d
Part B

Heaps -
Examples and Properties



Heaps: Relational Properties of Keys

Property: Each non-root node n is s.t. key(n) > key(parent(n))

Pl by oo vect.
hes o soieol ) of
F2. e mmimum

ess . the
Yoot ew&:f.




Heaps: Structural Properties of Nodes

Property: The tree is a complete Binary Tree
pert) £




,,dgduom l

Example Heaps < < etanO\

Example 1 Example 2 Example 3 Example 4

MAMX;IN ‘0: M/: o\ d( Al

wﬁ
Example 5 Example 6 Ypf”t
v




Lecture 5d
Part C

Heaps -
Insertions



Heap Operations: Insertion

Insert a new entry

(2.T)

sk be

at ol h

wghf—we

o onler b F'W

‘I’EM a

stouttued
Py



Lecture 5d
Part D

Heaps -
Deletions



Heap Operations: Deletion &

Delete the root/minimum

. gwt\?\;) M
s

L
G Keou @ @B

4\ %l "
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Lecture 5d
Part E

Heaps -
Top-Down Heap Construction



Top-Down Heap Construction KT : Zaﬁ\

Problem: Build a heap out of N entires, supplied one at a time.
e Initialize an empty heap h. ,}f;ﬁf ﬁ“é’ o Z

154126723 20, 25,9, 11, 17, 5, 8, 14>
T Assdmption: Key values supplied one at a time.

L HEE ¥ QT A (D)
ol TRk ke 1D
b AL
iy b\ (ot 2e97)
v Eore &Mrlgf? At He ),

‘ﬁ tafﬁe/wa/?




Lecture 5d
Part F

Heaps -
Bottom-Up Heap Construction



Problem: Build a heap out of N entires, supplied all at once.
® Assume: The resulting heap will be completely filled at all levels.

?Vm%— 1 for some height h > 1 =
® Perform the following steps called Bottom-Up Heap Construction :

Step@ Treat the fﬁt %1 list entries as heap roots.

- M5! heaps wliih hei:hlt/ 0 and sizel D 1|‘constructed.

Ste;@ Treat the next list entries as heap roots.
o Each root sets aps from Step 1 as its LST and RST.
o Perform down-heap bubbllng to restore HOP if necessary.
e o %l heaps, each wibh helgid)and S|ze constructed.

>

=\
;\Step h + 1: Treat nextl ] (2 ;,,:P” =1listentry as heaproot. 34 |
o Each root sets aps from Step h as its LST and RST. 2 -

erform down-heap bubbling to restore HOP if necessary. 2

heap each with heighf 1 ind sizq 2" — 1 constructed. = Y/ ﬁ

?ﬁﬂ‘ ExerCIse Build a heap out of the following 15 keys
@ M 16, 1541267232025911 1758@
@ Assumption: Key values supplied all at once.

&% Sop 1
Bottom-Up Heap Construction %&IL& heps , <22 |



Lecture 5d
Part G

Heaps -
Heap Sort Algorithm



Heap Sort:| Ideas it
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Lecture 5d
Part H

Heaps -
Array-Based Implementation



Array-Based Representation of a Complete BT

Joel R

T e o to BT
-ﬁ |

0 if X is the root
index(x) =42-index( parent(x) )+1 if x is a left child

2-index( parent(x) ) +2 if Xx is a right child Zaef )
A Z i; ‘%‘:51 Al-1

5 6 8 11 12

(4 ,C)i ED|6D ':s,k)l 4B a9 o Blas | 657 || | s
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